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PREFACE 

This book has been TTritten TPith the object of serving as a 
textbook for the subject of Compound Interest m the 
Chartered Insurance Institute Exammation In the past, 
this subject has presented very considerable difficulties to 
students preparmg for this particular examination, and it 
IS hoped that at least some of these difficulties vnll be 
smoothed away by the present book, which, it may be added, 
treats the subject from a shghtly different standpomt from 
that which is usually taken up, m that the exposition is 
mainly arithmetical m character, instead of algebraical 

It is not possible, however, to deal with the subject 
exclusively from the arithmetical point of view, and the 
reader should therefore make sure that he can rely upon 
his algebra up to, say, Quadratic Equations, before he com- 
mences systematic study of the book This pomt is of great 
importance, as an madequate mathematical knowledge is 
usually to be found at the root of a student’s difficulties 
Two further matters call for attention here as regards the 
mathematical equipment of the reader on the arithmetical 
side la the first place, facibty m converting shillings and 
pence mto their decimal eqmvalents of a £, and vice versa, 
IS a great advantage , m the second place, the ready use of 
contracted methods of multiphcation and division, such as 
are demonstrated m any modem textbook of Arithmetic, 
IS practically an essential for an exammation candidate, to 
whom the savmg of time is naturally a most important con- 
sideration Some portions of the book make it desirable that 
the reader should have a workin g knowledge of Logarithms, 
but those portions may be omitted if the reader requires 
merely an insight mto the practical use of Compound Interest 
Tables 

Throughout the book, the prmciples e^ounded m the text 
have been fully illustrated by arithmetical examples, and a 
few exercises, to which the answers are given at the end of 
the book, have been added to each chapter, with a view to 
enablmg the reader to obtam practical experience 

In conclusion, the author wishes to express his thanks 
to his colleague, hlr R Murrell, FI A, for readmg the 
manuscript and for makmg several valuable criticisms and 
suggestions 


V 


H H. E, 
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THE PRINCIPLES OF 

COMPOUND INTEREST 


CHAPTEB I 

AMOimTS AND PRESENT VAIiTJES OF SINOLE SUMS 

1 The theory of compound interest assumes that the mterest 
which IS derived from the mvestment of capital is itself 
employed as capital, and productively mvested accordmgly, 
as soon as it is received 

If, for example, £100 were invested at a rate of mterest of 
0 % per annum, the mterest of £5 received at the end of 
the first year would then become additional capital available 
for mvestment, with the result that the total capital standmg 
mvested at the begmnmg of the second year would he £105 
This mcreased capital of £105 would earn mterest of £5 5s 
dunng the second year, the capital bemg thereby further 
mcreased to £110 5s at the end of that year, and so on from 
year to year 

2 The capital origmally mvested is usually referred to as 
the principal, and the total accumulation of capital at the 
end of a given period is known as the amoimt The difference 
between the amount and the prmcipal represents the com- 
pound mterest which has been earned durmg the period For 
instance, m the case of the above example, the compound 
mterest earned dunng the two years is the difference between 
£110 5s (the amount) and £100 (the principal), viz £10 6s 

3 The accumulated amount of a given prmcipal at the end 
of any prescribed number of years may always be found by 
proceedmg on the Imes of paragraph 1, although calculation 
by such a detailed method is never necessary m practice It 
may, however, be useful to give a further example of the 
method, showmg how the working may be convemently set 
out , for tbis purpose it will be assumed that it is desired to 

'^fin^^he compound mterest on £135 for 5 years at a rate of 

1 
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values by methods which wiU be explamed later Should, 
however, the rate of mterest not be given m the tables, 
logarithms would have to be used, and formula (1) would 
accordmgly be adapted as follows — 

log /S = log P + w log (1 + ^) • (2) 

If, for example, it were desired to find the amount of £67 4s 2d 
accumulated for 15 years at a rate of mterest of 5 4% per 
annum, the calculation by means of logarithms would be — 

log 8 = log 57 208 + 15 X log 1 054 
= 1 7674568 + 16 x 0228406 
= 2 1000658 
= log 125 912 

Whence the desired amount is £125 18s 3d 


8 It has been seen how a sum of umty will accumulate 
to (1 j)” m n years under the operation of compound 

mterest at the rate of i per unit per annum, and the prmcipal 
of 1 may, on the same basis as to mterest, be regarded as 
the present value of a sum of (1 -f t)" due at the end of n 
years The present value of a sum due at a future date 
will thus accumulate to that sum by the time that date is 
reached Hitherto the case has been considered where the 
prmcipal (P), the rate of mterest per umt per annum (j), and 
the term of years (n) have been given, and it has been required 
to find the amount (S) In the cognate problem of finding 
the present value, 8, ^, and n are given, and it is desired to 
find P This may be done by simple proportion as follows — 
The present value of (1 4- 1 )" due at the end of 


n years is . .... 

Therefore the present value of 1 due at the end of 


1 


n years is 


(1 + 1)" 


And the present value of 8 due at the end of 
n years is 


8 


(1 4 1)« 


This result could have been obtamed direct from formula (1) 
by dividmg both sides by (1 4 i)", whence 

8 


P = 


(1 4 »)« 


(3a) 
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It IS convenient, for certain reasons which will appear later 
to denote tt-t — r by v In this short notation, -jz — 

(1 + 1) (1 + «r 

becomes u”, and the last formula may be written 

P = Sv^ . . (36) 


9 To find the present value of a sum due at a future date, 
the sum m question has thus to be multiphed by the appro- 
priate value of The values of are tabulated m com- 
pound mterest tables at all the usual rates of interest over 
a considerable range of years If, however, for any^ reason, 
logarithms had to be employed, formula (3o) would be used 
rather than (36) 

Formula {3a) adapted to the use of logarithms is 
log P = log iS - 71 log (1 + 1 ) . . (4) 

For example, the present value at a rate of mterest of 
3 8% per annum of a sum of £89 4s 2d due 25 years hence 
would be calculated as follows — 

log P = log 89 208 - 25 X log 1 038 
= 19504038-25 X 0161974 
= 1 5454688 
= log 35 113 

The desired present value is therefore £36 2 b 3d 


Nominal Bates of Interest 

10 It has been taken for granted so far that mterest is 
payable yearly, but m practice it is qmte common for rates 
of mterest to be payable half-yearly, quarterly, or even 
monthly When a rate of mterest is payable more frequently 
than yearly, it is said to be at a Twminal rate In such 
cases, mterest is still described as bemg at a certam rate 
per cent (or per umt) per annum, but the qualification is 
made that it is “ payable half-yearly, quarterly, etc ,” as the 
case might be Sometimes the periodicity of payment is 
mdicated by statmg that mterest is “ convertible half-yearly, 
quarterly, etc,” or that it is “payable with half-yearly, 
quarterly, etc , rests ” The symbol is employed m 
theoretical work to denote a nommal rate of mterest of 
3 per umt per anTniTn payable m times a year this symbol 
is often abbreviated to j simply, if the frequency of conversio • 
m, is clearly to be understood from the context 
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When interest is payable annually at a certam rate it 
18 said to he at an effective rate, and is usually denoted 
symhohcally by i, as has alieady been seen 
In making calculations at a nommal rate of mterest of 
it IS necessary to regard the interest as bemg at an efEective 
9 1 

rate of ^durmg each mterval of — th of a year, and to consider 

the total number of such intervals over which it is to operate 
rather than the number of years, as m the case of an efEective 
rate The umt of time-measurement is thus changed from 
one year to one mterval It may here be mentioned that 
it IS always best to consider mterest tables as showmg factors 
appropriate not merely to certam rates of mterest per annum 
and penods of years, but to certam rates of mterest pc? interval 
and periods of multyples of tlvat interval 
Suppose, for example, that it is desired to find the amount 
of a certam sum accumulated for 6 years at a nommal rate 
of mterest of 4% per annum payable half-yearly the rate 
of mterest should be regarded as 2% per mterval, and the 
period as 10 mtervals The factor by which the prmcipal 
should be multiphed is therefore (1 02)^", the value of which 
would be given m the tables The same prmciple would 
obviously apply with regard to the calculation of present 
values at nommal rates of mterest 
11 In the case of a nommal rate of mterest of the 
formulas oorrespondmg to (1), (2), (3a), (36), and (4) are 
therefore as follows — 


3 = P 



log /S = log P -f- wn 



P = 



P =z S ij”*” where v = 



(5) 

( 6 ) 

(7) 

( 8 ) 


and log P — log S- mn log 



(9) 
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12 It IS sometimes required to find what effective rate of 
mterest corresponds to a given nommal rate of mterest payable 
with a given frequency, and vice versa The effective rate 
of mterest per mait per annum correspondmg to a given 
nominal rate is the total compound mterest which would be 
earned in one year from Ihe mvestment of a umt of prmcipal 
at the given nommal rate If the nommal rate of mterest 
per umt per annum were convertible m times a year, the 
total compound mterest which would be earned from the 
mvestment of a umt of capital for one year would be 
1 

1 4- — I - 1, and this would give the desired eqmvalent 

m j 

effective rate of mterest 



For example, the effective rate of mterest per umt per 
annum which is eqmvalent to a nommal rate of 4% per 
annum payable quarterly would be given by (1 01)* - 1, which 
equals 04060, approximately 

13 To find the nommal rate convertible with any desired 
frequency correspondmg to a given effective rate, it is 
necessary to use a modified formula, derived as follows — 


From formula (10) 


(* + 4 )” =(!+’) 


Takmg the root of both sides of this equation. 


Whence — (1 -f t)'" - 1 
m 

And j = m {(1 + 1 )”*- 1} • . (11) 

For example, given t = 04, the correspondmg nommal rate 
of mterest convertible half-yearly would be given by 

2{(1 04)i-l} 

= 2(1 019804-1) 

= 039608, 

the square root of (1 04) bemg found by logarithms, as 
follows — 


log 104 = 0170333 
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And log (1 04)^ = i log 1 04 
== 0085167 
= log 1 019804 

14 If the nominal rate of interest is fixed, the more 
fiequently it is convertible the greater becomes the equivalent 
efiective rate There is, however, a limit beyond which the 
latter cannot mcrease, no matter how frequently the nommal 
rate is convertible, and it may be shoivn that the value of 

this limit IS approximately equal to y For mstance, the 

effective rate of interest (expressed to 4 places of decimals) 
correspondmg to a nommal rate of 04 per umt per annum can 

( 04 )^ 

never exceed 04 + or 0408, even if the nommal rate 


were convertible momently 

Similarly, if the effective rate of mterest is fixed, the 
corresponding nommal rate will decrease the more frequently 
it 18 convertible, but it cannot fall below a certam limit 
If the effective rate of mterest per umt per annum were i, 

this limit would be approximately If, for example, 


the effective rate of mterest per umt per annum were *05, 
the correspondmg nommal rate could never be less than 
( 05)2 


05- 


or 0488 


Discount 

15 The difference between a sum due at a future date and 
the present value, calculated at a specified rate of mterest, is 
often referred to as the “ Discount ” on the sum m question 
Tlius, the discount on a sum of S due n years hence would 
be 5 - Sv^, where v" would be calculated at the predetermmed 
rate of mterest For mstance, to revert to the example m 
paragraph 9, the discount, calculated at a rate of mterest 
of 3 8% per annum, on a sum of £89 4s 2d due 26 years 
hence would be £54 Is lid 

In commercial transactions, particularly where the period 
involved is short (as m the case of bill-discountmg), it is 
customary to calculate discount as the simple mterest on the 
amount of the debt for the period which is to elapse before it 
becomes due It is the custom of bankers to calculate 
discount in this way, with the consequence that discount 
determined by this method has come to be known as “Bankers’ 
Discount ” For example, the bankers’ discount, calculated at 
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a rate of 4^% per annum on a sum of £135 18s 7d due 137 days 

hence vould be £135 929 X 045 X ^ = £2 296 = £2 5b lid 

ooo 

It should be added that it is usual m practice, although not 
ngidly accurate, to calculate interest and discount for fractions 
of an mterval on the assumption of simple mterest instead of 
compound mterest The followmg examples mil suffice as 
illustrations m this respect Suppose that it is desired to find 
the amount of a sum of £247 3s 6d accumulated for 9 years 
118 days at a nommal rate of mterest of 6% per annum, 
convertible quarterly The total penod mvolved is 9 3233 
years, or 37 2932 quarters The amount at the end of 37 
quarters \70uld be £247 175 X (1 015)37 = £247 175 X 1 73478 
= £428 794 

Now the simple mterest on this amount for the final period 
of 2932 of a quarter is £428 794 x 015 X 2932 = £1 886 
So that the amount at the end of ihe total period of 37 2932 
quarters is £428 794 + £1 886 = £430 680 or £430 13s 7d 

Suppose, agam, that it is desired to find the present value, 
at a nommal rate of mterest of 6% per annum convertible 
half-yearly, of a sum of £125 8s 2d due 4 years 205 days 
hence The total period mvolved is 4 5616 years, or 9 1232 
half-years As at a pomt of tune 1232 of a half-year hence, 
the “present” value of the sum of £125 8s. 2d would be 
£125 408 X calculated at3%,0T£125 408 x 76642=£96 115. 

The discount for the odd period of *1232 of a half-year on 
this sum of £96 115 would be calculated at simple mterest, 
and would be given by £96 115 X 03 X *1232 = £ 355. So 
that the desired present value is £96 115 - £ 355 = £95 760, 
or £95 15s 3d 


EXERCISE I 

In aaswenng these Questions the foUomng logarithms and the tables 
at the end of the book may be used 


log 1 0035 

sss 

0015174 

log 1 061679 

ss 

0259932 

log 1 004034 

sss 

0017485 

log 1 739278 

sss 

2403691 

log 1 005 


0021661 

log 2-090192 

ss 

•3201862 

log 1 012272 

sss 

0052973 

log 3 29425 

ss 

5177566 

log 1 0385 

c 

0164065 

log 5 646452 

sa: 

•7517757 

log 1 0435 

s: 

0184925 

log 8 234833 

ss 

9156549 

log 10495 
log 1 05 

= 

0209824 

0211893 

log 9 81875 

= 

9920562 


1 Fmd the compound mterest at an effective rate of 41% per 
annum on £276 6s 6d. for 35 years 

2 Fmd the amount at an effective rate of mterest of 3 85% per 
a nn ti m of £98 3s 9d m 20 years 

2 — { 1853 ) 
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3 Find tlio present vahio at an offcctivo rate of mtorost of 3^% per 
annum of a Eum of £23 7s Od duo 5 years licnco 

4 Find the present \aluo at an ofloctivo rate of mtorost of 4 35% 
per annum of a sum of £329 8s Cd duo 15 yoars honco 

5 Find tho compound mtorost on £124 7s 9d m 8 years at a nominal 
rote of interest of 6% per annum, convertible quarterly 

C Find the discount, at a nominal rate of interest of 4 2% por annum, 
comcrtiblo montlily, upon a sum of £823 9s 8d duo 9 years honco 

7 Find tho ofloctivo rates of interest corresponding to tho following 
nominal rates — 

(a) 4% per ntiniun payable quarterly , 

(5) 5J% por annum payable half-yearly , 

(c) C% per annum payable montlily 

8 (a) Find wliat nominal rate of mtorost, convertible quarterly, is 
equivalent to an ofloctivo rate of 5% por annum 

(b) Find vhat nominal rate of interest, convertible montlily, is 
equivalent to an oiToctive rate of 4 95% por annum 

9 Find, approximately, the compound interest on £176 3s 2d for 
a period of 10 years 138 days at a nominal rate of mtorost of 8% per 
annum, payable with quarterly rosts 

10 Find, npproMmately, the present value of £248 7s lOd due 
5 years 88 days honco at a nommal rate of interest of 5% por annum 
payable half-yearly 

11 Find tho bankers' discount on 15th March on a sum of 

£150 17s 8d duo on tho following 28th November, the rate to bo 
employed being 5J% per annum , 

12 A building society issues fully paid “ accumulotivo ” mvestmont 
shares under uliich no periodic payment of mtorest is made, but 
interest and bonus ore added to tho issue price until tho share matures 
at tho end of 10 yoors A rate of mtorost of 3J% per annum is guar- 
anteed on tho shares, and, m addition, bonuses aro allotted out of tho 
profits of tho socioty A sliaroholdor whoso share is maturing finds 
that tho bonuses allotted amount to £12, and that tho mvestmont has 
nolded compound interest ot tho eflectivo rate of 5% por annum 
What sum did ho originally invest, and wlint is tho total maturity 
\ nine of hiP share T 



CHAPTER II 

A2Sl)rTJrPIES-CEB.TAIN 

1 The subject of compound mterest rests Trbolly upon the 
basis of the amount and present value of the m^vidual 
sum, as discussed m the previous chapter. In fact, there is 
no reason why most problems m compound mterest could 
not be solved without mtroducing any further conceptions 
In practice, however, senes of payments falhng due at regular 
intervals so frequently anse that special methods have been 
devised for their treatment m calculation, mainly with a view 
to the saving of labour and time All such series of payments 
are known as annmties, and when they are unconditionally 
payable throughout a fixed term of years, they are called 
annmties-certam A practical mstance of an annmty-certam 
13 furnished by the dividends receivable from a Stock Exchange 
or similar seouritv which is redeemable on a fixed date 
In the vast nlajority of mstances, the penodic annuity- 
payments are equal, and, as will be seen later, may therefore 
be most convemently dealt with m calculation by algebraical 
methods 

Geometkic Peogressiohs 

2 In this connection, the branch of algebra which is of 
the utmost importance is that which deals with geometnc 
progressions and their properties 
When the mdividual items of a series of numbers or quan- 
tities mcrease or decrease m the same proportion, they are 
said to be m geometric progression The followmg are 
examples of such senes — 

3, 12, 48, 192, 768, . 

54, 18, 6, 2, 2/3, 

o, ar, ar^, ar^, or*. 

The factor by which each item, or term, as it is called, must 
be multiplied so as to produce the next succeeding term is 
known as the common ratio the common ratio may always, 
therefore, be ascertamed by dividmg any term by that which 
immediately precedes it In the first of the above examples, 
the common ratio is 4, m the second it is 1/3, and m the tliird 
it IS r 


11 
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The last of the above examples may be cited as the general 
case of a geometric senes, smce, by substitutmg m it appro- 
priate values for a and r, any geometric progression may be 
derived, this particular series is, therefore, the only one 
which need be considered from the algebraic standpomt Por 
mstance, if a were replaced by 54, and r by 1/3, the second of 
the above senes would result 

It will be noted that the first term of the general series is a, 
the second term is ar, the third term is ar^, the fourth term 
IS ar®, and so on, the index of r bemg m each instance one less 
than the number of the term m which it occurs The fifth 
term would therefore be ar^, the fourteenth term would be 
and the term would be 

It so happens that the relationship which exists among the 
terms of a geometric senes makes it possible for the sum 
total of any number of terms to be found, without actual 
addition, and, m pomt of fact, it is not even necessary to 
calculate all of the terms themselves as a preliminary to 
their summation 

For example, suppose that it is desired to find the sum of 
the first m terms of the general series If yS is used to denote 
the required sum 

iS = a + ar -f- ar® -{- ar ® -f + ar”*’® + ar” ^ 

(the mdex of r m the last, or term, bemg m-\) 

Multiplying every item by the common ratio r, 

rS =:ar at^ -}- ar® -1- -j- ar”*'® -|' ar*" ^ -f ar” 

By subtraction, therefore, r8-8 = ar^ - a (the terms from 
ar to ar^'^ mclusive vamshing) 

Whence S = (12) 

r-l 

Alternatively, the result of the subtraction could have been 
stated S-rS = a- an^ 

Whence 8 = — — (13) 

1 -r 

It IS simple to show that this formula is but a transposition 
of (12) 

In practice it is more convement to use formula (12) where 
the common ratio is greater than umty, and formula (13) 
whore it is less than umty 
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The following are examples of the apphcation of the 
respective formulas — 

Example 1 To find the snm of the first 10 terms of the 
geometric senes 6 , 15, 45, 135 

Here the first term (correspondmg to a m the general series) 
is 5, the common ratio (correspondmg to r m the general 
senes) is 3, and the number of terms to be snmmed (m) is 10. 

The common ratio bemg greater than umty, formula (12) 
had better be employed 

Hence S = 

5(59,049-1) 

~ 2 

= 147,620 


Example 2 To find the sum of the first 6 terms of the 
geometric senes 

2, 2/5, 2/25, 2/125 


Here the first term (correspondmg to a m the general series) 
IS 2, the common ratio (correspondmg to r m the general 
series) is 1/6, and the number of terms to be summed (m) is 6 
The common ratio bemg less than umty, formula (13) had 
better be employed 


Hence 



which simplifies to 


Oi5B2 


These examples illustrate how it is possible to find the 
sum of any number of quantities m geometnc progression 
(a) without actual addition, and (6) without calc^atmg the 
mdividual quantities to be summed 


DEPrEmoNS 

3 Before proceedmg to the problems presented by the 
valuation of annmties-certam, the foUowmg defimtions must 
be given. 

^ annuity-certam is a series of penodical payments to be 
made unconditionally during a given length of tune In 
practice, the period between the successive annmty-paymente 
would be a year, a half-year, a quarter, or some other part 
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of a year, but in theory it may be any interval whatever 
The payments themselves are usually, but not necessarily, 
equal, and their aggregate m each year is called the “ annual 
rent ” 

Annuities-certam may be divided mto three classes, 
characterized by when the first annuity-payment falls due, 
viz — 

{a) Immediate annuities^ under which the fiist annuity- 
payment falls due at the end of the first period 
\b) AnnuitieS'due, under which the first annuity-pajmient 
falls due at the begmning of tibe first period 
(c) Defeired annuities, under which the first annuity- 
payment falls due more than one period hence 

A perpetuity is an annmty of which the payments are to 
contmue for ever, as m the case of the dividends upon an 
irredeemable security Strictly speakmg, perpetmtzes are not 
annmties-certam at all, but it is convement to study them 
concurrently with annuities-certam, like which they may be 
“ immediate,” ” due,” or ” deferred ” m type 
The present value of an annmty-certam is equal to the 
total of the present values of its respective payments, 
similarly, the amount of an annuity-certam is equal to the 
total of the accumulated amounts of the respective annuity- 
payments calculated to the end of the term for which the 
annuity is to run Similarly, the present value of a perpetuity 
18 equal to the total of the present values of the respective 
payments , it is true that the present value of each of the 
infinite number of pa3mients cannot be separately ascertamed 
by arithmetical methods, but their total may be found by 
algebraic methods Amounts of perpetuities cannot, of course, 
come withm the scope of practical work 
An annuity of which the present value is x times the annual 
rent is said to be ” worth x years’ purchase ” 

Amounts and Peesent Values 

4 To find the piesent value at an effective rate of interest t 
of an immediate annuity-certam of 1 per annum payable 
yearly for n years 

The present value of such an annmty-certam is denoted 
symbolically by The present value itself is found by 
ascertainmg the sum of the present values of the respective 
annuity-payments 
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The present value of the first payment (due at the end of 

1 year) is v 

The present value of the second pa 3 mient (due at the end of 

2 years) is 

The present value of the third payment (due at the end of 

3 years) is v®. 

And so on, the present value of the last pa 3 Tnent (due at 
the end of n years) bemg »** 

Hence 

It will be seen that this senes is a geometric progression 
whose first term is v, and whose common ratio is also v 
Smce the common ratio (n) is less than umty, the sum of 
the n terms of the senes will be found by applymg formula (13) 

So that ~ — — 

which, on multiplying numerator and denominator by (1 -f 0> 
simplifies to — - — . 

l-w” 

Thus . (14) 


As an illustration of the apphcation of this formula, suppose 
that it 18 desired to find the present value at an effective rate 
of mterest of 5% per annum of an immediate annuity-certam 
of £28 7s 6d per annum payable yearly for 10 years 
The present value of each unit of annual rent bemg 
the present value of the annual rent of £28 7s 6d will be — 
£28 376 X Ujq] 

= £28 375 X 

% 


== £28 375 X 

= £28 376 X 
= £219 103 


1 - 


(1 05 ) 1 ® 


05 
7 7217 


= £219 2s Id approx 

l-v" 

In practice, however, the calculation of the value of 

is rarely necessary, smce the values of that expression (or 
function) are tabulated m compound mterest tables for all the 
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^*1 

more usual rates of interest which arise, and for values of n 
from 1 up to 50 or 100 as the case might be. Should the rate 
of mterest not be given m the tables, the expression would 
have to be evaluated by first findmg the value of v" by means 
of logarithms 

5 It may be convmomg to show arithmetically that the 
value of ojq] as calculated above actually does represent 

the sum of tiie present values of the ten separate annuity- 
payments 

The present value of the 1st payment is v or *95238 


f9 

99 

99 

2nd 

19 

» 

90703 


99 

99 

3rd 

99 


86384 

99 

99 

99 

4th 

99 

>r 

•82270 

99 

99 

99 

6th 

99 


78353 

99 

99 

99 

6th 

99 


74622 

n 

99 

99 

7th 

99 

v’ „ 

71068 

99 

99 

99 

8th 

99 

„ 

67684 

99 

99 

99 

9lh 

99 


64461 

99 

99 

99 

10th 

99 


61391 


Totai 7 72174 


The savmg m arithmetical work which is achieved by the 
use of the formula is clearly apparent, and the savmg would 
have been still greater if the term of the annuity had exceeded 
10 years 

6 To find the amount at an effective rate of mterest i of 
an immediate annmty-certam of 1 per anmiTp payable yearly 
for n years 

The amount of such an annmty-certam is denoted sym- 
bohcally by The amount itself is found by ascertaimng 
the sum of the amounts of the respective annmty-payments 
calculated to the end of the term of the annuity, viz n years 

The first annual annmty-payment bemg due at the end of 
the first year will accumulate for the remammg (n.- 1) years 
of the origmal term, the second annual annmty-payment will 
similarly accumulate for the remammg [n - 2) years, and so 
on , the last (i e the n^) payment fallmg due at the end of 
the term will amount to 1 only, smce there will remam no 
balance of the origmal term then unexpired 

Hence 

= (1 + 4- (1 + 0”-" + (1 + + + (1 + 0 + 1 

but it will simplify the algebraic work if this senes is regarded 
as bemg written m the reverse order, startmg with 1 and 
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ending ■with (1 + It will be seen that the senes as 
rearranged is a geometnc progression whose first term is 1 
and whose common ratio is (1 -f* which is clearly greater 
than umty 


So that = 


1{(1 + »)"-!} 
(l + r)-l 


(1 + tr-l 

t 


(15) 


As an illustration of the apphcation of this formula, suppose 
that it IS desired to find the amount, at an effective rate of 
mterest of 6% per annum, of the immediate annuity-certam 
of £28 7s fid per annum payable yearly for 10 years referred 
to m paragraph 4 

The amount of such an annuiiy-certam, if the annual rent 
were 1, would be but as the annual rent is £28 7s fid , 

the desired amount will be 

£28 376 X Sj5j = £28 376 X 


= £28 375 X 


( 105 ) 10-1 

05 


= £28 375 X 12-5779 


= £356 898 


= £356 18s Od approx 


In practice, however, the calculation of the value of 

(1 « 1 pi 

^ ^ is rarely necessary, smce the values of that 


function are tabulated m compound mterest tables Should 
the rate of mterest not be given m the tables, the expression 
would have to be evaluated by findmg the "value of (1 + *)" 
by means of logarithms 

7 An arithmetical illustration of the identity of the results 
derived from the application of the formula for s-jj-j and from 
the actual addition of the amounts of the respective annuity- 
payments will now be given on the hnes of paragraph 5 

Takmg for "this purpose calculated at an effective rate 
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of interest of 6% per annum, as m the case of the above 
example, 


The amount of the 

1st payment is (1 + t)* or 1 55133 

H it 

2nd „ 

(1 + 1)8 „ 1 47746 

it 

3rd „ 

(1 + „ 1 40710 

it if 

4th „ 

(1 + i)« „ 1 34010 

tt If 

5th „ 

(1 + 1)8 „ 1 27628 

tt tf 

6th „ 

(1 + i)« „ 1 21551 

II If 

7th 

(1 + 1)8 „ 1 15763 

II ir 

8th „ 

(1 + i)* „ 1 10250 

ft If 

9th „ 

(1 +1) „ 1 06000 

i> II 

10th „ 

1 „ 100000 



Total 12 67791 


Here agam the savmg of work resultmg from the use of 
the formula is evident 

8 An intimate connection always exists between the 
present value and the amount of an aimuity-certam Just 
as the present value represents the eqmvalent of the annuity- 
certam at the begmiung of the term, so does the amount 
represent the equivalent of tiie annuity at the end of the 
term The present value will, therefore, always accumulate 
to the amount by the end of the term, provided that the same 
rate of mterest is used throughout the calculations This 
result may be written symbohcally 

^ ~ 

Similarly, 

X v” = . . (17) 

The correctness of these two formulas may be easily demon- 
strated algebraically by makmg the necessary substitutions 
for and 5-^^ m each case 

An arithmetical illustration based upon the values of 
and 5^0] at an effective rate of 5%, as found above, will lend 
a reality to the relationship just discussed 

According to formula (16) the present value of the annuity 
(viz 7 7217) should accumulate m 10 years to the amount of 
the annuity as found above, viz 12 5779 Now 7 7217 will 
accumulate m 10 years to 7*7217 (1 05)^“ = 7 7217 X 1 62889 
On multiphcation this will be found to be 12 5779 as was to 
be expected 
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Similarly X 

== 12 5779 X 61391 
= 7 7217 as before 

9 To find the present value at-an effective rate of mterest t 
of an annuity-due of 1 per annum payable yearly for n years 

In this case the first annmty-payment falls due immediately, 
and subsequent payments are made at yearly mtervals there- 
after, the last bemg due at the beginnmg of the «th year, or, 
•what IS the same thmg, at the end of the (7i-l)th year 
This annmty-due is, therefore, eqmvalent to a sum of 1 (the 
first payment) together "with an immediate annmty-certam 
of 1 per annum payable yearly for the next {n - 1) years 

The present value of an annmty-due of 1 per annum payable 
yearly for n years is denoted symbohcally by a^j^, and 
consequently = 1 a^-j . . (18) 

The difference between the significances of a and a should 
be carefully noted 

Alternatively, the value of a-^ could have been found by 
ascertaimng the present values of the respective annmty 
payments and summmg the resultmg geometric senes as was 
done m paragraph 4 

Thus a^^ -f v"*® -{- 

(1 "^ *) ^ (1 -I- 1) - 1 

on multiplymg numerator and denommator by (1 + ?) 

Thus an alternative formula is 

a^ = (1 + ^) X . . . (19) 

The eqmvalence of the two formulas for a^ may be simply 
shown as follows — 

a-TH = ^ + ~7~ 

1 l-i>"-^ 

=; + ~r“ 

(1 -f- 1)-^ 


1 — v" 

= (l-ft)X — 

== (1 + 0 X 
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It Tvill now be shown how formula (19) could have been 
obtamed by general reasonmg Consider an immediate 
annuity-certam of 1 per annum payable yearly for n years 
At the begmmng of the term it is equivalent m value to a-^, 
and at the end of the first year, just before the first annuity- 
pajmient is made, it will be Equivalent m value to a-^ 
accumulated at interest for one year, i e to (1 + ») X 
At the time when the first annmty-payment is due, however, 
the annuity itself constitutes an annuity-due, and the present 
value of this annmty-due must, therefore, be equivalent to 
(1 + ^) X 

As will be seen later, this type of reasoning is extremely 
valuable, m that it enables many of the formulas entermg 
mto the subject of compound mterest to be mterpreted on 
a “ common sense ” basis 

10 To find the amount at an effective rate of mterest of * 
of an annuity-due of 1 per annum payable yearly for n years. 

Here, the first annuity-payment falls due immediately, and 
will therefore accumulate for the full term of n years The 
second annmty-payment will accumulate for (w-l) years, 
the third for (w-2) years, and so on, the last payment 
accumulatmg for one year 

The amount of the annmiy-due will therefore be equal to 

(1 *)" -f (1 -f + {I + if-^ + 4- (1 + ,)2 + (1 + 

Had there been another term, umty, at the end, this senes 
would have represented the amount of an immediate annmty- 
certam of 1 per annum payable yearly f or w -j- 1 years , the 
amount of the given annuity-due is therefore 

^n+T]-^ * • ' 

Alternatively, the above series may be regarded as the 
result of multiplymg the senes given m paragraph 6 by 
(1 -}- 1 ), and smce this latter series is equal to fi-j the present 
series is equal to (1 -{- X 5^ This result corresponds to 
formula (19) for the present value of the annuity, and could 
evidently have been obtamed by general reasonmg, bearmg 
in mmd that each annmty-payment accumulates for one year 
more than would be the case with an immediate annmty 

It may be pomted out that there is no umversally recognized 
symbol by which the amount of an annuity-due may be 
represented 

11 As will be appreciated from a consideration of formulas 
(18) and (20), the present values or amounts of annuities-due 
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at efEective rates of interest may be found from compound 
mterest tables by appbcation of the f olloTOmg rules — 

(а) To find the present value of an annuity-due of 1 per 

annum payable annually, take the present value of an 
immediate annuity of 1 per annum payable annually for a 
term one year shorter, and add muty thereto For example, 
the present value, at a rate of interest of 5% per annum, of 
an annuity-due of 1 per annum payable annually for 15 
years = 1 -f- = 1 -f- 9 8986 = 10 8986 

(б) To find the amount of an annmty-due of 1 pei annum 

payable annually, take the amoimt of an immediate annuity 
of 1 per annum payable annually for a term one year longer 
and deduct umty therefrom. For example, the amount, at 
a rate of mterest of 4% per annum, of an annmty-due of 
1 per annum paijrable annually for 26 years = - 1 

= 47 0842-1 = 46 0842 

The relationship existmg between the amounts and present 
values of imme^ate annmties discussed m paragraph 8 
evidently apphes also to annmtaes-due 

12 To find the present value at an effective rate of mterest 
^ of a deferred annuity-certain of 1 per annum payable yearly 
for n years, deferred m years 

The present value of such a deferred annmty is symbolically 
denoted by The first annmty-payment would fall due 

at the end of (m + 1) years, and the last would fall due at 
the end of (m + n) years 

The present value itself could, of course, be ascertained by 
findmg the total of the present values of the mdmdual 
annmty-payments, as was done in previous mstances It is, 
however, more convement — and mcidentaUy, more instructive 
— to rely upon methods of general reasonmg Two of such 
methods are available, viz — 

(а) If the annmty-payments were to be contmued through- 

out the entire period of (m -b n) years, then present value 
would be In the present instance, however, the first 

m of such payments will not be received. Smce the present 
value of the &st m payments is a^, the present value of the 

remammg n payments will therefore be ® «il 

Hence = . . . . • (21) 

(б) At the end of the first m years the annmty-payments 
Will constitute an immediate annmty of 1 per annum, payable 
yearly for n years, and their “ present value ” will then 
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be a-^ The value of these payments at the present moment 
must therefore be i?"* X 


™|“S1 = ^ • • • • (22) 


It may easily be shown that these two forms are identical 
^Formula (21) would always be adopted m practice if compound 
mterest tables were available, smce it involves merely the 
subtraction of two tabulated values. 

13 The amount of a deferred annuity-certain is the same as 
that of an immediate annuity-certam for the same number of 
payments , it is obvious that the period which has to elapse 
before the first payment is received under the deferred annuity 
does not enter mto the calculations — ^it is the respective 
penods for which the pa 3 rments are to be accumulated which 
are significant, and these are quite mdependent of the periods 
elapsmg before the payments themselves fall due 

For this reason there is no symbol denotmg the amount of 
a deferred annmty-certam 

14 To find the present value at an effective rate of mterest 
i of an immediate perpetuity of 1 per annum payable yearly 

The present value of such a perpetuity is denoted sym- 
bohcally by ago Here “ oo ” replaces the “tI ” used m the 
case of an immediate annuity-certain, oo bemg the symbol 
employed to denote “ infinit y ” m all mathematical work 

The formula for the present value of an immediate per- 
petuity may, perhaps, best be derived by considermg what 


1 “ 

happens m the formula a-^ = ~ — if the value of n be 

contmuously mcreased In such cncumstances the value of 
the m the numerator will successively dimmish, smce the 
present value of a umt of capital receivable n years hence 
becomes smaller as the numerical value of n is mcreased 
If, therefore, the value of n be so mcreased that it is greater 
than any assignable quantity (le until it is infimty), the 
value of v^ will become smaller than any assignable quantity 
and may be considered to have vamshed altogether 

Thus, when n is made infinitely large, becomes — 


Or, symbolically, 



(23) 


Alternatively, the present value of the perpetuity could be 
found by the followmg general reasonmg 
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Suppose that a unit of capital were invested at an effective 
rate of interest of 2 , and that it were allowed to remain 
mvested mdefimtely. The mvestor would receive an mterest 
payment of i at l5ie end of each year for ever, and there 
would be no question of the return of the ongmal capital 
of 1 at the expiration of any fixed period The mterest 
payments of i thus receivable m perpetmty would be the 
equivalent of the umt of capital mvested. In other words, 
the present value of a perpetmty of t per annum payable 
yearly would be 1 By simple proportion, therefore, the 
present value of a perpetmty of 1 per annum payable yearly 

would be as already found 

15 In conclusion of this chapter similar methods of 
reasomng will be employed to find the values of and s-^ 
at an effective rate of mterest. 

(o) Suppose that a umt of capital were mvested at an 
effective rate of mterest of «■, and that it were allowed to 
remam so mvested for a total period of n years, bemg with- 
drawn at the end of that tune The mvestor would receive 
in exchange for a payment of 1 — 

(i) ^ immechate annmty of i per annum payable yearly 
for 71 years, representmg the mterest payments , and 
(u) the return of his umt of capital at the end of such 
n years 

The present value of the payments imder (i) would be 
i X and the present value of that under (u) would be v". 

and the total of these would represent the ongmal umt 
mvested, le — 

t X -f- w" = 1 

Whence a~i — — — 

n 1 ^ 

(6) Suppose, as befoie, that a umt of capital were invested 
at an effective rate of mterest of i for a period of 7i years 
If the mterest payments of % were themselves mvested at 
compound mterest at the effective rate of ^ per umt per annum, 
then accumulated amount by the end of the term of n years 
would be i X s-^ But the total compound mterest which 

would be earned from the mvestment of a unit of capital at 
an effective rate of mterest of i per umt per annum for n years 
is(l 
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Hence ^ X = (1 + t)” - 1 

And therefore 5--] = ^ 


EXERCISE n 

In aaBwermg these Questions the follotnng logarithms and the tables 
at the end of the book may be used 

log 1 0695 = *0261010 

log 1 112147 = 0461620 

log 8 99162 = 9538380 

1 Find the present value and the amount, at an elective rate of 
interest of 3^% per annum, of an immediate annuity-certam of 
£26 7s 7d per annum, payable yearly for 28 years 

2 Fmd the present value and the amount, at an effective rate of 
interest of 6 95% per annum, of an immediate annmty<certain of 
£54 13s 6d per annum, payable yearly for 38 years 

3 Find the present v£due and the amount, at an effective rate of 
interest of 4^% per annum, of an annmty-due of £64 16s 7d per 
annum, payable yearly for 16 years 

4 Fmd the present value and the amount, at an effective rate of 
mterest of 5% per annum, of a deferred annmty-certam of £47 15s 8d 
per annum, payable yearly for 23 years, deferred 12 j'ears 

5 An mvestor purchases an irredeemable security of nommal value 
£500 which yields dividends (m perpetmty) at the rate of 6% per 
annum payable yearly What is the value of his mcome from the 
investment on the basis of an effective rate of mterest of 6% per 
annum, assuming that the next dividend is due one year hence f 

6 Fmd the present value, at an effective rate of interest of 4% per 
annum, of an immediate annmty-certam payable yearly for 25 years, 
under which the annual rent is £125 for the first 7 years, and £150 for 
the balance of the term 

7 Given that at a rate of interest of 6% per annum (1 i)" = 

3 071524, find the value of and 

8 A lease has been granted for a term of 12 years at an annual 
rent of £150 Five years of the lease have expired, and the holder 
desires to extend its term for five yeaxB beyond the date origmally 
fixed for its expiry If the value of the property is such that an 
annual rental of £200 per annum could be obtamed after the expiry 
of the origmal lease, find, to.the nearest £ what sum should be paid 
down at the present time for the rig^t of extendmg the lease for the 
further five years at the present rental of £160 per annum The 
calculation should be made on the basis of an effective rate of interest 
of 6% per annum 

9 Fmd what annual sum which, if mvested at compound mterest at 
the efiective rate of 4^% per annum, would amoimt to £325 m 25 years, 
it bemg assumed that such annual sums are mvested at the end of 
each year 

10 The present value of an immediate annuity-certain of 1 per 
annum payable yearly for a certain number of years is 29 0800, and the 
present value, at the some effective rate of mterest, of an annmty-due of 
1 per annum payable yearly for the same number of years is 29 6616 
Upon what effective rate of mterest are these present values based ? 
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1. In’ the pre'vao'us chapter it was shown how to find the 
present values and amounts of annmties-certam which are 
payable annually In practice, however, annmties are fre- 
quently payable more often than annually, and it is, therefore, 
important ’to mvestigate the relative formulas in these cases 
2 To find the 'present mine at an effective rate of mterest i 
of an immediate annmty-certam of 1 per annum payable p 
tunes a year (m equal instalments of 1/p) for n years 
The present value of such an annmty-certam is denoted 

symbolically by The present value itself is found by 
the usual method of ascertaining the sum of the present values 
of the respective annmty payments 
The present value of the first pajnnent of 1/p due at the 

1 ~ 

end of 1/p*^ of a year is - 


The present value of the second payment of 1/p due at the 

1 - 

end of 2/p^ of a year is - 

And so on, the present value of the last payment, due at 


the end of n years, bemg - v" 

iP) 1 i - ~ 

Hence a— -j = - (t;!* -j- -f- -}- 

, i ,, i X >ifl 
l?;’(l-i;p ) 

-p i 

1-vP 


4- v") 


1-v" 

1 

P {(1 


(24) 


It will be seen that m this formula the denominator is equal 
to the nominal rate of mterest convertible p tunes a year 
correspondmg to the effective rate of mterest (?) at which the 

»-a853) 26 
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valuation is being made (see formula (11) ) and that the 
numerator is the same as when the annuity is payable annually 
(see formula (14) ) 

Formula (24) may therefore be transposed to 


a(P) — ^ X arn . . . (25) 

FI J(v) ^ 


but it must be carefully borne m mind that is here used 

1 

as a contraction for p{(l -1} and does not actually 
introduce a nominal rate of mterest mto the valuation itself 

If, then, the values of — are tabulated for the values of p 

3(v) 

likely to anse m practice, viz 2, 4, and 12, corresponding to 
half-yearly, quarterly, and monthly payments of annmty, a 

smgle multiplication will enable to be obtamed from the 


tabulated value of a 


•FI 


It is to be observed that this multiplymg factor depends 
only upon the effective rate of interest employed m the 
valuation and the frequency of the annuity payments , it is 
quite mdependent of the term for which the annmty is to 
run 

As an illustration of the application of formula (25), consider 
the example given m paragraph 4 of Chapter H, and assume 
that the annmty were payable m equal half-yearly portions 
of £14 3s 9d 

( 2 ) 

The present value of each umt of annual rent bemg 
the present value of the annual rent of £28 7s 6d will be — 


£28 375 X ajjj|, calculated at 5% 


= £28 375 X — X argi, 

J(2) ' 

which, on taking the necessary values from the tables, 

= £28 375 X 1 01236 X 7*7217 
= £221*809 

= £221 16s 2d , approx 

It will be seen that the present value of the annmty is 
greater when the payments are made half-yearly than when 
they are made yearly , this must obviously be the case, smce 
one half of the annual rent is received six months earlier m 
each year when the payments are made half-yearly. 
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3 To find the ammint at an effective rate of interest ^ of 
an immediate annuity-certain of 1 per annum, payable p times 
a year (m equal instalments of 1/p) for n years 
The amount of such an annmty-certam is denoted sym- 

bohcally by The amount itself is found by the usual 
method of ascertaining the sum of the amounts of the 
respective annuity pa 3 nnents 

Working on these lines, which have already been illustrated, 
it will be found that 


(?) (l+^)"-l 

- i 


(26) 


p{(l -f j)?-l} 


This formula may be transposed similarly to formula (24), 
and, in passing, it may be noted that 

anda:^ = v” X which relationships corre^ond with those 

of formulas (16) and (17) 

The transposition just referred to would give 


(?) 



X 



(27) 


So that, to find the amount at an effective rate of mterest 
i of an immediate annmty-certam payable p times a year, it 
IS merely necessary to multiply the amount (at the same 
effectiTe rate of mterest) of the correspondmg yeaily annmty 


by the value of — derived from the compound mterest 

, , , 

tables 

It IS important to note, however, that formulas (25) and 
(27) apply only m cases where the valuation is to be made 
at an effective rate of interest 

4 The present value at an effective rate of mterest i of an 
annuity-due of 1 per annum payable p tunes a year (m equal 
mstalments of 1/p) for n years may be found by two methods, 

VIZ — 

(a) By addmg the first payment to the present value of the 
remammg payments , thus 

(?) 1 , (?) * 
a^ = - + a^ 


. ( 28 ) 
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and {b) by accumulating the present value of the correspondmg 
immediate-annuity for one payment-period , thus 

(p) i- (p) 

= (1 + X . (29) 

As was seen in paragraph 11 of Chapter 11, it is more 
convement to use the former method when the annmty is 
payable annually, i e when p = l; when, however, the 
annmty is payable more frequently than annually, it is more 
convement to use method (6), as it avoids the calculation of 
an annmty value for a fractional term of years In the 

apphcation of method (6) the value of (1 -{- i)p necessary to 

effect the accumulation for ^th of a year would be calculated 

by means of logarithms, if it were not given m the tables 
6 The amount at an effective rate of mterest z of an annuity- 
due of 1 per annum, payable p times a year (m equal mstal- 
ments of 1/p) for n years, may also be found by two methods, 

VIZ — 

[a) By takmg the amount of an immediate annmty for a 
term one payment-period longer, and deductmg therefrom 
the final annmty payment of 1/p , thus 



1 

i 


(30) 


and (6) by acoumulatmg for one payment-penod the amount 
of the correspondmg immediate annmty , thus 

(1 -f *)? X . . (31) 

As stated in the previous chapter, there are no symbols 
appropnate to amounts of annmties-due correspondmg to 
those of the type a^ employed for present values 

As m the case of present values, it is more convement to 
use the former method when the annmty is payable annually, 
1 e whenp = 1 , when, however, the annmty is payable more 
frequently than aimually, it is more convement to use the 
second method 

6 The formulas for the present value of a deferred annuity- 
certain, payable more frequently than annually, may be 
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derived by methods parallel to those discussed in paragraph 
12 of Chapter H, the formulas themselves bemg 

t I (P) >n (P) 

and ml^TTl ~ ^ ^ (^3) 

7 Itom formula (24) and a consideration of paragraph 14 
of the previous chapter it is clear that the present value at an 
effective rate of mterest ^ of an vmmediaU perpetuity of 1 per 
annum payable p times a year (m eq^ual instalments of 1/p) is 

1 1 
j or 

TTT, 1 

Whence = - — (34) 

Hd) 

It 18 mterestmg to observe tliat the present value could 
also be found by applymg the prmciple underlyrng formula (25) 
thus — 

(p) % ^ 

““ X “« 

= -Lxi 

J<3)) » 

= ~ as before 
J{rf 

Nominal Rate of Intbrbst 

8 Up to the present, the rate of mterest employed m 
calculating the present values and amounts of the various 
types of annmty-certam has been taken as an effective 
rate Sometimes, however, calculations have to be made 
at a no mina l rate of mterest, convertible with a specified 
frequency. j To deduce formulas apphcable to a nommal rate 
of mterest, all that would be necessary would be to proceed 
on the usual hues of summmg the present values or amounts 
of the respective annmty payments, expressmg each of such 
present values or amounts m terms of the nommal rate of 
interest mvolved (see formulas (5) and (8) ) 

It will be foimd, however, that the only effect upon the 
formulas as apphcable to an effective rate of interest is to 
substitute for i the total amount of compound mterest which 
would be earned in a year at the given nommal rate I'or 
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instance, if the valuation were to be made at a nommal rate 
of mterest of j convertible m times a year, i would be replaced 


throughout by 



The amount, at a nommal rate of mterest of j convertible 
m times a year, of an immediate annmty-certam of 1 per 
annum payable p times a year for n years would therefore 
be given by 




1 


m 




smce i would be replaced m each mstance 

and, consequently, ^ would be substituted throughout 

for (1 -f Ini the case of present values the same procedure 


would apply, v bemg replaced 




and v” bemg 


correspondmgly changed to 




mn 


It might appear at first sight that the evaluation of results 
from the formulas thus obtamed would be troublesome, but 
m most instances the use of compound mterest tables will 
greatly assist m the calculations, as the following example 
will show 

To find the present value of an immediate annuity-certam of 
1 per annum payable yearly for 10 years, usmg a nommal rate 
of mterest of 5% per annum convertible half-yearly 
At an effective rate of mterest of i, the present value would 


be 


1 - (1 + 


, and hence at a nommal rate of mterest of j 


per umt per annum payable half-yearly, the present value 
would be 
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In this instance the value of j is 05, so that the desired 
present value "w^ould be given by 

l-{l-025)-“ 

(1025)^-1 

Each of the powers of (1 025) could be evaluated by reference 
to compound interest tables, ^at in the numerator represent* 
mg the present value of a unit of capital due 20 years hence, 
and that m the denominator representmg the amount of a unit 
of capital accumulated for a period of 2 years , the appropriate 
tables would, of course, be those correspondmg to a rate 
of mterest of 2^% per annum 

The value of the above expression would thus be 

1- 61027 
1 05063 - 1 
^ -38973 
05063 
= 7 698 

9 It frequently happens m practice that the rate of mterest 
to be used is convertible with the same frequency as that 
with which the annmty is payable Such a case would be 

presented by the valuation of a-^ at anommal rate of mterest 
of Makmg the valuation by means of formula (24), 
suitably modified owmg to the substitutions necessitated by 
the use of a nominal rate of mterest, it will be found that 



P 3 


P 

calculated at an effective rate of mterest of - . 

P 
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{p) 

Similarly, it may be shown that calculated at a nominal 
rate of mterest of ^ ^ “^npl* calculated at an effective 

4 

rate of interest of - 
P 

Quite apart, however, from any algebraic demonstration, it 
IS evident that, atanommal rate of mterest of j(,), an annmty- 

certam of ^ per interval payable for np intervals has a present 

value of - X and an amount of - X a— p the calculations 

IP ^ 

being made at an “ effective ” rate of interest of ^ per interval 

For example, if the annuity were one of per annum 
payable half-yearly for 6 years, the nonunal rate of interest 
bemg 5% per annum payable half-yearly, the present value 
would be £20 x a^ol* ^^ised on an effective rate of mterest of 
2|%, which, from compound mterest tables, will be found to 
be £175 042 

In this connection it is unportant to note that m the case 
of all annuities-certam the product of the suffix and the 
coefficient of a or s equals the total of the cash payments 

under the annmty Thus, m the above formulas r\jp 

and m the example 10 x £20 = 5 x £40 Reference is made 
to this pomt because it is a common fault for beginners to 

overlook the coefficient i, when workmg practical examples 

which mvolve a use of the artifice herem referred to 
In conformity with the prmciple discussed m the present 
paragraph, the present value at a nominal rate of interest of 
j{j,j of an annuiiy-d/ae of 1 per annum payable p times a year 
for n years would be given by 

4 

calculated at an effective rate of mterest of - ; the corres- 

P 

pondmg amount would be given by - X — • 

10 The case where the annmty is payable with a different 
frequency from that with which the nominal rate of mterest is 
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convertible arises very rarely in practice, but it sometimes 
happens that the frequency "with which the annmty is payable 
is a mulUple of that with which the mterest is convertible 

In these latter mstances, the calculatLons may be con- 
siderably shortened by adopting the device mentioned m the 
last paragraph m conjunction with that descnbed at the end 
of paragraph 2 of this chapter An example will show best 
how this can be done 

Suppose that it is required to find the present value of 
an immediate annuity of £50 per annum payable quarterly 
for 10 years at a nommal rate of mterest of 5% per annum 
convertible half-yearly. The present value may be written 

down, m accordance with the prmciple explamed m the last 

( 2 ) 

paragraph, as £25 X calculated at an effective rate of 
mterest of 2^% per annum, because (a) the total of the annuity 
payments received m each mterval of half-year is £25 ; (b) the 
number of annuity paymente m each mterval is 2 , (c) the 
number of half-yearly mtervals for which the annmty is 
payable is 20 ; and (d) the rate of mterest operatmg m each 
mterval is 2^%. 


(2) t 

The value of at 2^% is, however, given by — X 

3 (s) 

at 2^%, or 1 00621 X 15 5892, so that the desired present 
value of the ongmal annuity is £25 X 1*00621 X 15 5892 
It will be seen that the calculations have been performed 
without the necessity for denvmg a formula by the method 
of substitution referred to m paragraph 8 of this chapter. 

11 In conclusion of this chapter, it must be pointed out 

that the symbols a^, etc , give no mdication either of 

the rate of mterest involved, or of the frequency of its 
conversion 


EXERCTSB m 

In Emswenng these Questions the tables at the end of the book may 
be used. 

1 Fmd the present value and the amount, at an eSective rate of 
interest of 4% per annum, of an immediate annuity-certam of 
£25 3s 6d. per annum, payable half-yearly for 20 years 

2 Fmd the present value and the amount, at an effective rate of 
mterest of 6% per stmim, of an azmuily-certam of £12 8s 4d per 
annum, payable half-yearly m advance for 10 years 

3 (a) Fmd the present value, at an effective rate of mterest of 
^1% P6r annum, of an annmty-certam of £35 18s 6d per annum, 
pavable quarterly for 10 years, imder which the first payment faPs 
duo at the end of 5 J years 
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(b) How would the result be afiected if the first pajonent fell due at 
the end of 5 years 7 

4 (a) Fmd the value, at an elective rate of interest of 5% per 
annum, of a perpetual ground rent of £40 per annum, payable half- 
yearly, the first payment of which falls due 3 months hence 

(6) What woidd the value be, at a nommal rate of interest of 5% per 
annum, convertible half-yearly ? 

5 Fmd the present value and the amount, at a nominal rate of 
interest of 4% per annum, convertible half-yearly, of an immediate 
annuity-certam of £45 10s Od per annum, payable half yearly for 
20 years 

6 Fmd the present value and the amount, at a nominal rate of 
interest of 5% per annum convertible half-yearly, of an immediate 
annuity-certam of £48 per annum, payable quarterly for 10 years 

7 Find the present value and the amount, at a nominal rate of 
mterest of 6% iier annum convertible quarterly, of an unmediate 
annmty-certam of £10 per annum, payable half-yearly for 8 years 

8 Given that, at an elective rate of mterest of 6% per annum, 
the present value of an immediate annmty-certam, payable yearly, is 
£86 7s 8(L, find what the present value would be if the annmty were 
payable quarterly. 



CHAPTER IV 

VAtUATIOiT or REDEEMABLE SECURITIES 

1 A EEDEEATAELE aecuiity IS one under which mterest is 
payable for a specified period of years, at the end of which 
time the nommal capital value is repaid, possibly with some 
small addition The nominal capital value is the amount 
upon which mterest (or dividends) is calculated, and this may 
be either more or less than the price at which the security 
was ongmally issued to the pubhc When the issue is made 
at a price which is less than the nominal value, the security 
IS said to be issued at a discount , when it is issued at a price 
exceeding the nominal value, it is said to be issued at a 
prenuum The amount which is repaid to the holder at 
maturity is called the redemption value , this value may 
differ from the issue pnoe and the nommal value, although it 
would not usually be less than either of these A security 
which IS redeemable at a price m excess of its nommal value 
IS said to be redeemable at a premium , conversely, if a 
security were redeemable at a price smaller than its nommal 
value it would be said to be redeemable at a discount, but 
cases of this kmd do not arise m practice. 

2 The valuation of redeemable securities constitutes one 
of the most important practical applications of the theory of 
compound mterest The problem of valuation is to find 
what amount a purchaser should give for the prescribed 
security, so as to reahze a stated rate of compound mterest 
from the mvestment Eor example, take the case of a deben- 
ture of nommal value £100, which is redeemable m 5 years at 
£102, and which bears mterest at the rate of 5% per annum, 
payable yearly An mvestor might be willmg to purchase 
this security, if he could realize an effective yield of 4% per 
annum from his mvestment , the problem is, what price 
should he give in order to ensure such a return * 

The first pomt to observe is that a purchaser would receive 

(а) £102 at the end of 6 years , and 

(б) An immediate anmuty-certam of the annual mterest of 
5% on the noTmTial value for 5 years (It is assumed that the 
first mterest payment to be received would be due at the end 
of one year ) 


35 



36 


C0MP0T7ND INTERBST 


If, therefore, he desires a. yield of 4% per annum from the 
investment, he should pay a price equal to the sum of the 
present values of (a) and (6), calculated at that rate of interest 
The required purchase pnce is thus 

£102 X + £5 X a-g^, 

calculated at an effective rate of mterest of 4% per annum, 
= £102 x 82193 + £6 X 4 4518 
= £106 096 

= £106 Is lid , approximately 

3 It IS instructive to show how the mvestor purchasmg 
the security at this price will actually derive the desired 
yield This may be done as follows — 

£ 

Capital origmally mvested . . . 106 096 

Interest at 4% thereon ... 4 244 

ilolio 

Deduct first dividend ... 5 000 

Capital standing mvested at end of Ist year 105 340 
Interest at 4% thereon . . . 4*214 

mm 

Deduct second dividend ... 6 000 

Capital standmg mvested at end of 2nd year 104 554 
Interest at 4% thereon ... 4 182 

108 736 

Deduct third dividend .... 5 000 

Capital standmg mvested at end of 3rd year 103 736 
Interest at 4% t^iereon . 4 149 

lOT® 

Deduct fourth dividend . . . 5 000 

Capital standmg mvested at end of 4th year 102 885 
Literest at 4% Uiereon . . 4 115 

iOT® 

Deduct fifth dividend . . 5 000 

Capital standmg mvested at end of 5th year 102 000 

which IS repaid by the redemption value of £102 at maturity 

4 The case of the valuation of a redeemable security will 
now be considered from the algebraic standpomt 

Let B = the redemption value of the security, 

w = the number of years at the end of which it is 
redeemable, 
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and D = the annual mtereat (dividend) payable thereon p 
times a year m equal instalments of the 

first mstalment bemg due at the end of -th 

P 

of a year 

Then, the present value of the security will be 


Bx^ + Dxa^ 


(35) 


In applymg this formula, the calculations vrould be made 
at the rate of mterest which the mvestor wishes to secure from 
the investment 

It IS, of course, quite possible that the mvestor would reqmre 
to earn a Tuminal rate of mterest, and, if so, the present 
values of the redemption value and the annuity-certain 
representmg the divid^ends would be ascertamed by the 
appropnate methods discussed m previous chapters 
6 An alternative method of valuation is available, which 
IS frequently easier to apply m practice, particularly if the 
security is redeemable at its nommal value It will be 
sufficient to illustrate this method on the assumption ihat 
the valuation is required at an effective rate of mterest i 
As shown m the previous paragraph, the desired present 
value of the security will be 

(p) 

Bxv” + D X a-jj-j, 

calculated at an effective rate of mteiest of i Now, smce 



1-v" 


i 


it may easily be shown that u" = 1 - 1 a-T On substitutmg 
this value for v" m the above formula, and changmg a.--] 

mto its eqmvalent — x a-^ the result becomes 
3{v) ' 


J2(l-ia-i) -f D 

jM 
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where g represents the ratio of the annual dividend to the 
redemption value 

Hence, to value any redeemable security at an effective 
rate of mterest i, the redemption value must be multiplied by 



As an example of the apphcation of this method, a debenture 
of nominal value £100 redeemable 10 years hence at £105, 
bearmg mterest at 6% per annum, payable quarterly, will be 
valued at an effective rate of mterest of 5% 

Here B = 105, D = 6,9 = 6/105 = 057143, 

— = 1 01856, and urn = 7 7217 
J(p) 

Therefore, the value of the debenture on an effective 5% 
mterest basis is 

105 X {1 + ( 057143 X 1 01856- 05) x 7 7217} 

= £111651 


It will be noted that if the security were redeemable at par 
(i e at its nommal value) the value of g would be obvious 
without calculation, and m such a case the method requires 
the minimum of labour, only two values havmg to be 
extracted from the mterest tables 
6 It sometimes happens that the numerical value of 

(g *) IS negative, but m such cases formula (36) may 

3{v) 

still be applied ; the result of the negative value will neces- 
sarily be to produce a value of the secunty which is less 
than the redemption value Thus, if the valuation is made 

at an effective rate of mterest winch is greater than g t— 

3(v) 

the present value of the security will stand at a discount on 
its redemption value Conversely, if the valuation is made 

at an effective rate of mterest which is less than g -t— , 
, 3(3>) 

the present value of the security will stand at a premium on 

its ledemption value 

If h be employed to denote the amount of such premium 
m respect of each umt of the redemption value, the fbllowmg 
formula will apply — ^ 

h=[g 1 ) X 

3{t>) ' 
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When the numerical result of this formula is negative, a 
discount on the redemption value is represented 
7 K dividends are payable yearly, formula (36) becomes 

a + 

which may be easily adapted to meet all cases "where the 
valuation rate of mterest is payable with the same frequency 
as the dividends themselves 

Suppose, for example, that interest under the debenture 
valued in paragraph 6 had been payable half-yearly mstead 
of quarterly, and that its value had been required to yield 
5% per annum, also convertible half-yearly If the umt of 
tune-measurement be changed from a year to a half-year, the 
unexpired term of the debenture would be 20 mtervals, the 
dividend per interval would be 3%, and the valuation rate of 
mterest would be 2^% per mterval, effective The redemption 
value and the nommal value of the debenture would, of course, 
be unaffected by the change in the time-umt The factors 
entermg mto the valuation would thus he — 

B « 105, D « 3, p = 3/105 = 028571, n « 20, 
t 025 and at 2|% « 15 5892. 

The value of the debentmre would "therefore be 

105 {1 -f (-028571 - 025) X 15 5892} = £110 845 
It may be added that m practice it is quite common to 
value redeemable securities on the basis of a nommal rate of 
interest, convertible "with the same frequency as that with 
which the dividends are payable 

SnrKmo I'unds 

8. Where a redeemable security has been purchased at a 
premium on its redemption value, there would be a capital 
loss at maturity if the purchaser regarded the whole of the 
dividends as mterest on the purchase price 
This capital loss would he more apparent than real, because 
if the dividends were so regarded as interest, they would give 
a greater return on the p"iiichase price than was anticipated 
in the original valuation Should, howe"ver, the purchaser 
adopt the correct practice of takmg credit for interest at the 
exact valuation rate, there would remain a balance of each 
periodic dividend, and these balances wo"uld, if accumulated 
at compound mterest at the valuation rate, ultimately make 
good the difference between the purchase price and the 
redemption value This pomt may he conveniently illustrated 
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by means of the example m paragraph 2. Here, the purchaser 
pays £106 096 for a debenture of nommal value £100, redeem- 
able m 5 years at £102, and bearmg yearly mterest of 6 % per 
annum, and he thereby obtains an effective yield of 4% per 
annum from the mvestment The premium on the redemp- 
tion value m this mstance is £4 096 Interest at 4% on the 
purchase price is £4 244, and, the yearly dividend bemg £5, 
there remams a balance each year of £ 756 These balances 
would accumulate at the valuation rate of mterest of 4% per 
annum to £ 756 X * 5 ] = £ 756 X 5 4163 ~ £4 096 by the 
matunty of the debenture, and would thus replace the 
premium on the redemption value These balances of divi- 
dend are described as sinkmg fund payments, and are, as 
has been shown, such periodic amounts as will, with com- 
pound mterest accumulations, exactly suffice to replace by 
matunty the excess of the purchase pnce over the redemption 
value 

In practice, however, these balances of dividend would 
customarily be aggregated with any other sums which the 
mvestor might have available for mvestment It is not 
usual, therefore, actually to set up a separate sinkmg fund, 
but when each dividend is received, the capital value of 
the security is written down m the mvestment ledger, to an 
amount equal to the origmal purchase price, less the amount 
to which the smkmg fund woidd then have accumulated * 

In the present mstance, for example, the smkmg fund 
accumulations would amount at the end of successive years 
to the followmg sums — 


Total amounts of sinking fund 
Year accumulations at end of year 

£ £ 


1 

766 

= 756 

2 

756 

= 1542 

3 

756 5 ^ 

= 2 360 

4 

766 6 ^-^ 

= 3 211 

6 

156 3 ^ 

= 4 096 


After writmg these respective amounts off the origmal 

* This method of treatment, whilst theoretically correct, would not 
necessarily be adopted m practice, where other considerations would 
enter For instance, m order to avoid the possibility of a senous 
capital loss ansmg if the security should be sold at any tune, the 
capital value might bo assessed m the ledger year by year at the current 
Stock Exchange middle price 
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value of the security, the ledger values at the end of successive 
years vrould he — 

Ledger value of secunt^ at 
Year the end of the year 

m *■ 


1 

2 

3 

4 

5 


£105 340 
104654 
103 736 
102 885 
102 000 


It mil be seen that these latter figures are identical with 
those shown m the statement m paragraph 3 as the capital 
standmg mvested at the end of successive years 
It may be added that these capital values are also identical 
mth those which would result from the re-valuation of the 
security at the original rate of mterest , this is demonstrated 
algebraically m the Appendix 


Negative Sinking Funds 

9 If a redeemable security is purchased at a discount on 
its redemption value, a capital profit would be shown at 
maturity, if the mvestor regarded the dividends as the mterest 
on the purchase pnce It is to be observed, however, that 
the dividends alone would not give the mvestor the yield 
he anticipated when he purchased the security Besides 
tafcmg credit for the dividends as mterest, he should gradually 
write up the ledger value of the security by the respective 
amount® by which the dividends fall short of the mterest on 
the current ledger values * In this way, what is techmcally 
known as a negative smkmg fund anses It is obviously 
impossible actually to set up a negative smkmg fund, as it 
represents the accumulation of sums which have not been 
received , the only possible course is to wnte up the ledger 
value of the security from time to time in the manner mdicated, 
so that the ledger value will correspond with a re-valuation 
of the security at the origmal valuation rate of mterest 
For example, suppose that a debenture of nominal value 
£100 18 redeemable at the end of 6 years at £103, and that it 
bears a rate of mterest of 4% per annum, payable half-yearly 
The purchase pnce to yield 5% per annum, convertible 
half-yearly, would be 103 + 2 calculated at an 

efiective rate of mterest of 24%, or £97 103 
Now, a half-yearly dividend of £2 m respect of the investment 

* See footnote on page 40 
4 — ( 1853 ) 
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of £97 103 does not represent a return of 2|% per half- 
year But, smce the investment does actually yield 2^% per 
half-year, the amount by which 2|% of the purchase price 
exceeds the half-yearly dividend of £2 (i e £ 4276) may be 
taken credit for as a half-yearly negative smkmg fund pay- 
ment, the accumulations of winch (at the valuation rate of 
interest of 2^% per half-year) should be added to the ledger 
value of the security from half-year to half-year These 
s inkin g fund accumulations would amount at the end of 
successive half-years to the foUowmg sums — 


Half year 

Total amounts of sinking fund 
accumulations at end of half year 
£ £ 

1 

4276 == 428 

2 

•4276 s-^ = 866 

3 

4276 = 1315 

4 

4276 = 1776 

5 

4276 = 2 248 

6 

4276 = 2 731 

7 

4276 = 3 227 

8 

4276 = 3 736 

9 

4276 syj = 4 257 

10 

4276 = 4 791 

11 

4276 SjT] = 5 338 

12 

•4276 = 5 897 

After writmg up the ongmal value of the security by these 

respective amounts, the ledger values at the end of successive 

half-years would bo — 

Half year 

Ledger value of seonnty at 
the end of the half-year 

1 

£ 97 631 

2 

97 969 

3 

98 418 

4 

98 879 

5 

99 351 

6 

99 834 

7 

100 330 

8 

100 839 

9 

101 360 

10 

101 894 

11 

102 441 

12 

103 000 



VALUATION OF RED3BEMABLE SECURITIES 


43 


These latter amounts are those which would result from 
the re-valuation of the security at the origmal valuation rate, 
VIZ , 5% per annum, convertible half-j^early As mentioned 
m the last paragraph, this proposition is demonstrated 
algebraically m the Appendix. 

10 When a redeemable security is purchased at a premnim 
on its redemption value, it might, m special circumstances, 
be necessary actually to set up a separate sinkmg fund 
Li such a case it has to be considered whether the smkmg 
fund could, m fact, be mvested at the rate of mterest yielded 
by the mvestmeut itself ; it nught conceivably happen that 
it could be mvested only at a lower rate 

An elementary algebraic example ivill suffice to illustrate 
the pomt 

Let t' — the effective rate of mterest at which the sinking 
fund can be invested 

^ = the effective rate of mterest which is to be 
yielded by the mvestment 

X = the annual sinkmg fund mstalment required to 
replace the premium on the redemption value 

And V ~ the desired value of the security 

The same meanmgs are attached to the remammg symbols 
here employed as m the earher portions of this chapter The 
premium on the redemption value wiU be V-R , and this 
premium must be equal to the smkmg fund accumulations 
as at the end of the term of n years 

Hence a: x = F - iJ, 

the accent to s denotmg that a rate of mterest of i' is to be 
employed 

Therefore x — [V-R) — s^-j 

and the balance of the yearly dividend after deduction of the 
sinkmg fund mstalment 

Smce, then, an effective rate of mterest of i is desired from 
the mvestment, this last quantity must equal iV 

V-R 


Thus 


iV = D 


(37) 
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A solutaoD of tlus equation gives 

R D S'r-] 

V = ^ . (38) 

As an illustration of the apphcation of this formula, take 
the example m paragraph 2 of this chapter, assunung that the 
purchaser required to earn 4% per annum, as before, Wt could 
remvest the smkmg fund mstalments at only 3% per annum. 

102 + 

In this case V = calculated at 3% 

1 + 04.^1 
_ 102 4- 5 X 5 3091 
“ 1 + 04 X 5 3091 
= 106 029 


The premium on the redemption value is thus 4 029, and 
the annual smkmg fund mstalment necessary to replace this 
IS 4 029 — 5 3091 ^ £*759 The balance of the yearly 
dividend which is available^ for mterest is therefore SA 241, 
or exactly 4% of the purchase pnce of £106*029, thus showmg 
the correctness of the origmal valuation 
In all cages where a separate sinking fund is actually set up 
to extmguish the premium on the redemption value, the 
ledger value of the security after each payment of dividend 
would be calculated by deductmg the actual amount of the 
smkmg fund accumulations from ^e ongmal purchase pnce 
It is mterestmg to apply the method of this paragraph to 
the case where it is assumed that the smkmg fund am be 
mvested at the same rate of mterest as that yielded by the 
security itself In this case %' = %, and 

^ ® ^ {{f "k f 1 

(1 d-t)” 

which agrees exactly with formula (35) if p = 1. 

11 So far, the valuation of the secunty has been undei- 
taken as on a date immediately foUowmg a dividend payment 
In practice, of course, valuations are frequently required on 
other dates, and m such cases, the simplest method is to 
calculate the value of the secunly on the last pre^aous due- 
date of a dividend, and to add mterest to the res^t, calculated 
for the penod which has elapsed smce that date It would 
usually be qmte sufficient to assume simple mterest for this 
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period, and the value as on the last previous dividend due- 
date would accordingly he multiphed by a factor of the type 
(1 -}- f X i), where t represents the proportion of a year which 
has elapsed since the last previous dividend due-date, and t 
represents the effective rate of interest at which the valuation 
IS being made If the valuation were bemg made at a 
nommal rate of mterest of convertible ^ tunes a year, the 
factor would be (1 + f X j), the frequency of conversion 
makmg no difference, smce simple mterest only is mvolved 
On the assumption of simple mterest, therefore, the factor is 
umty plus the product of the proportion of a year which has 
elapsed, and the yearly valuation rate of mterest per umt 
On the basis of compound mterest, the above factors would 


be respectively (1 -f- ^)* and but it is unusual 


m 


practice to use these compound mterest factors, although it 
is theoretically correct to do so 
Suppose, for example, that it is desired to find the value 
on 5th July at a nommal rate of mterest of 5% per annum 
convertible half-yearly of a debenture of £100, redeemable at 
£102 at the expiration of years from the previous 30th 
April, and bearmg mterest at the rate of 4% per annum, 
payable half-yearly on 30th April and 30th October 
The value of the security on 30th Apnl, when it had 
years to run, was £102 x -f £2 X calculated at 2|%, 


or £95 191 Now from 30th April, to the followmg 5th July 
18 66 days, or 1808 of a year, and the simple mterest factor 
for accumulatmg a umt of capital at 5% per annum for this 
period is (1 1808 X 05) = 1 00904 So that the value of 

the security as on the given 5th July is £95 191 X 1 00904 
= £96 051, or £96 Is Od approximately 


EXERCISE IV 

In answering these Questions, the tables at the end of the book may 
be used. 

1 Fmd the present value of the following debentures, of which the 
nommal value is m each case £100 — 

(a) 

£102 
6 years 
payable 
half-yearly 


Hedemption value 
Unespired term 
Yearly rate of mterest > 
payable . J 
Bate of mterest per) 
annum at which val- 15% eSectivo 
uation is to be made) 


(fc) 

£103 
8 years 
5% payable 
half yearly 

6% payable 
half-yearly 


ic) 

£106 
13 years 
5% payable 
quarterly 

6% payable 
hdf-yearly 
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2 W'liat should be the lodger values of debenture (a) at the end of 
successive years 7 

3 A debenture of nominal value £100, bearmg interest at the rate 
of 4^% per annum, payable half-yearly, is redeemable at £101 in 
5 years, and is purchased for £103 Is 4d , at which price it yields a 
rate of interest of 4% per annum, convertible half-yearly It has 
been decided to set up a smking fund, to accumulate at a rate of 
interest of 4% per annum, convertible half-yearly, to replace the 
premium on the redemption value Calculate the half-yearly sinkmg 
fund payment 

4 A debenture of nommal value £100, bearmg interest at the rate 
of 4^% per annum, payable yearly, and redeemable at £102 m 15 
years, is purchased to 3 neld an effective rate of mterest of 6% per 
annum At what figure should it stand m the investment ledger at 
the expiration of 5 years 7 Show arithmetically that if it were then 
sold at that figure, the original purchaser would have realized a rate of 
interest at 5% per annum for the period durmg which he held the 
security 

5 'l^at price could a purchaser afford to pay for the debenture 
described below, if he required from his mvestment a nommal yield of 
5% per annum, payable half-yearly, whereas he could set up a smking 
fund to replace the premium on the redemption value at oidy 4% per 
annum, convertible half-yearly ’ 

Nommal value £100 

Bedemption value . £104 

Unexpired term 10 years 

Yearly rate of mterest payable 6J% payable half-yearly 

6 How would the yield be affected m the case of the last question 
if the purchaser paid a pnce of £107 7 

7 A firm has decided to issue debentures of nommal value £100 
each, redeemable m 15 years, and bearmg mterest m the meantime at 
44% per annum, payable hdf -yearly The issue price is to be £98, 
and it IS desired to fix the redemption value at such a figure that a 
purchaser would obtam an effective rate of mterest of 5% per annum 
from the mvestment Calculate the redemption value 

8 Fmd the present value as on 18th November, 1924, of the 
followmg debenture on the basis of a nommal rate of interest of 6% 
per annum, convertible half-yearly 

Nominal value £100 

Eedemption value £102 

Date of redemption 1st July, 1939 

Yearly rate of mterest payable 4% per annum, payable 

half-yearly on 1st Jan 
and 1st July 
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LOANS REDEEMABLE BY INSTALMENTS, INCLUDING 
PRINCIPAL AND INTEREST 

1. A PURCHASER of an immediate amarnty-eertam of 1 per 
annum payable yearly for n years, who desired to realize 
an effective rate of interest of % on his mvestment, would be 
willmg to pay a— -j calculated at an effective rate of mterest t 
The capital value of the mvestment at the outset would be 
By the end of the first year this capital value would 
accumulate to (1 + i) a-^ = = 1 + a^-j. But at the end 

of the first year the mvestor would receive the first annuity 
pajunent of unity , hence the accumulated capital value of 
1 + must then be reduced by umty, leavmg a capital 
value of at the end of the first year. 

By the end of the second year the capital value would have 
increased to (1 -f- 1 ) = 1 -}- after deduction 

of the annuity payment then due, would be reduced to 
And so the reasonmg could be contmued until it was 
shown that the capital value at the end of (w ~ 1) years 
would be = (^j] = v, the amount of which at the 

e3q)iration of a further year would be umty, and equal to the 
final annmty payment then due 
It IS seen, therefore, that the purchaser of the annuity 
would secure, firstly, the return of his prmcipal (smce none 
would remam outstandmg at the end of the period), and, 
secondly, yearly mterest at the effective rate t, calculated on 
so much of his prmcipal as remamed outstandmg at the 
begmnmg of successive years 

2 Instead of regarding the transaction as a sale and 
purchase of an annmty-certam, it may be considered as a 
loan of granted by the purchaser to the vendor, to be 
liqmdated by n yearly mstalments of 1 per annum, such 
instalments mcludmg both prmcipal and mterest 
As has already been shown, the capital value of the mvest- 
ment gradually dimmishes from until it finally vanishes 
by the end of the period of the loan. The annual interest on 
the successive amounts of prmcipal outstandmg must there- 
fore correspondingly decrease, and, as the total yearly 

47 
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instalment (which includes both prmcipal and interest) remains 
the same throughout the penod, the amount of pnncipal 
included in the instalments must increase from year to 
year 

Before showmg algebraically how the respective mstalments 
may be analysed mto principal and mterest, it will, perhaps, 
be advisable to give an arithmetical illustration of the various 
pomts already mentioned 

3 Let it be assumed that an intendmg borrower is willmg 
to pay £1 per annum for 3 years m consideration of a present 
advance, and that a lender can be found, who would be 
agreeable to make the advance on the basis of an ejffective 
rate of mterest of 4% per annum 
On this basis, the lender would advance a sum of £a-j^, 
calculated at a rate of mterest of 4% per annum, or £2 7761 
The following statement shows how the transaction would 
work out — 


Amount of advance 

£ 

2 7751 

Add first year’s mterest thereon at 4% 

1110 


2 8861 

Deduct first instalment 

1 0000 

Principal outstandmg at end of 1st year 

1 8861 

Add second year’s mterest thereon at 4% 

0764 


1 9616 

Deduct second instalment 

1 0000 

Prmcipal outstanding at end of 2nd year 

9616 

Add third year’s mterest thereon at 4% 

0386 


1 0000 

Deduct third mstalment 

1 0000 

Principal outstandmg at end of 3rd year 

Nil 


It will be seen — 

(a) That the whole of the advance is repaid by the end of 
the term , 

(b) that the lender receives mterest at the late of 4% per 
annum on so much of his prmcipal as remams outstanding at 
the beginnmg of each year , and 

(c) that (on refemng to compound interest tables) the 
prmcipal outstandmg at the end of any year, after payment 
of the mstalment then due, is the “ present value ” of the 
remaimng mstalments (see paragraph 1) 

4 The scheme of repayment may, however, be considered 
from a slightly different pomt of view At the end of the 
first year a sum of 4% of £2 7751, i e £ 1110, becomes due for 
mterest, at the same time the borrower pays the first 
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instalment of £1. £ 1110 of this instalment thus hemg due 
for mterest, the balance of £ 8890 is applied m reducmg the 
amount of the prmcipal outstandmg from £2 7751 to £1 8861 
Similarly, at the end of the second year, mterest of 4% of 
£1 8861, 1 e £ 0754, is due, and, after deduction of this 
amount from the second mstelment of £1, there remams a 
balance of £ 9246, which reduces the prmcipal outstandmg to 
£9615 At the end of the third year, mterest of 4% of 
£ 9615 , 1 e £ 0385, becomes due, and this amount is deducted 
from the final mstelment of £1, leavmg a balance of £ 9615 to 
repay the whole of the prmcipal then remammg outstandmg 
These results may be convemently set out m schedule form 
as follows — 


Year 

No 

Principal out- 
standing at 
beginning of year 

Interest 

for 

year 

Principal contained 
m instalment 
for year 

Col (1) 

Col (2) 

Col (3) 

Col (4) 


f 

£ 

£ 

1 

2 7751 

1110 

8890 

2 

1 SS61 

0754 

9246 

3 

9615 

0386 

9615 



Totai. 

£2 7751 


5 In the case of a loan of a-^, granted at an effective rate 
of mterest of %, and repayable m n equal annual mstalments 
of 1, mcludmg prmcipal and mterest, the schedule would be 
as follows — 


Year 

No 

Prmcipal out- 

Interest 

Prmcipal contamed 

standmg at 

for 

in mstalment 

beginnmg of year 

year 

for year 

Col (1) 

1 

2 

3 

Col (2) 

“in 

“iTzl 

Col (3) 
l-«” 

1 - 

l-v**-? 

Col (4) 
v" 

yH-S 

~ - 


_ 

— 

n-2 

• 031 

1_V3 

1,» 

n-1 

1 I 2 J 

1-1,® 

1 

«* 

n 

“T1 

l~V 

V 



Total 

“iri 
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The method of constructing this schedule is the same as m 
the case of the above arithmetical example. At the nek, 
however, of a certam amount of repetition, the workmg will 
be described 

The schedule is commenced by msertmg as the prmcipal 
outstandmg at the begmmng of the first year The interest 
for the first year is i x a-^ = l-w” The mstalment due 
from the borrower at the end of the year is 1, and, as 1 - 1 ;" 
of this sum IS due for mterest, the balance of w” is available 
to reduce the amount of the loan Accordmgly, t;” is entered 
as the prmcipal contamed m the mstalment for the first year 
The prmcipal outstandmg immediately after the first mstal- 
ment has been paid will therefore be 

®nl ~ = {■y + ^ + 1/*^) - 

= V . . -f 

= which IS entered m column (2) 

The cycle of operations is then recommenced, the mterest 
m column (3) bemg t x = 1 - the prmcipal con- 
tamed m the second mstalment bemg v”*^, and so on 

6 It is to be observed that the quantities m column (4) of 
the schedule mcrease in geometric progression, the common 
ratio bemg (1 -f t) and the first term bemg v" li this 
relationship is kept m mmd, it will frequently assist m the 
prevention of arithmetical errors m the construction of a 
schedule, or m the detection of an error which may already 
have escaped notice The relationship also furmshes a con- 
vement alternative means of constructing a schedule if a 
multiplymg machme is available , the mitial figure m column 
(4) would first be calculated, and the remainmg figures m 
the column would be obtamed by multiplymg successively 
by (1 + 

7 It has been assumed so far that the annual mstalment 
is umty. If, however, the loan and the rate of mterest have 
been fixed, and it is desired to know what the annual mstal- 
ment shoidd be, the problem may be solved by simple pro- 
portion For example, supposmg that the loan is to be 
repaid by n annual mstalments, the mstalment would be 
calculated as follows — 

A loan of a-^ will be repaid by an annual mstalment of 1 

Therefore a loan of 1 will be repaid by an annual mstalment 
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Whence a loan of L -will be repaid by an annual instalment 

of £x — 

“TTl 

The values of — are sometimes tabulated m compound 
^"rtl 

mterest tables, but, m their absence, the amount of the loan 
TTould have to be divided by a— -j to find the annual mstalment 
m any given mstance 

8 In all cases the construction of a schedule is based on 
the prmciples •which have already been described, but m 
practice the results would have to be expressed m pounds, 
shilhngs and pence, after the calculations had been made to 
4 places of decimals In all probabdity certam mmor adjust- 
ments would have to be made to the pence figures, so that the 
total of column (4) should be exactly equal to the sum 
advanced In order to ensure consistency, it is suggested 
that the best method of procedure is first to convert the 
decimal fractions of a £ m this column to ' their sterlmg 
eqiuvalents (to the nearest penny) , then to find the total of 
the column, and finally to mi^e small adjustments (not 
exceedmg one penny m each case) so as to correct any error 
in the total In makmg these adjustments, care must be 
taken not to sacrifice unnecessarily the accuracy of any 
mdividual item m the column as judged by the ongmal 
calculations 

Havmg completed column (4), the sterlmg figures appro- 
priate to column (3) should be calculated by deductmg the 
correspondmg column (4) figures from the annual mstalment, 
expressed to the nearest penny. Lastly, column (2) should 
be completed by contmued deduction of the respective 
column (4) items, as was done when the schedule was 
ongmally constructed 

Whatever method of adjustment is adopted, however, 
neither the conversion of the decimals of a £ mto shillings 
and pence, nor any adjustment of the sterlmg amounts 
should be undertaken •without tracmg the effect upon the 
remammg figures m the schedule 

9 If the loan were to be hqmdated by mstahnents payable 
more frequently than yearly, it would be assumed m practice 
that the rate of mterest was convertible •with the same 
frequency The key to the solution of any problem m such 
a case is to change the unit of time-measurement from one 
year to the period which is to elapse between successive 
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instalments For mstance, if a loan of £150 bearmg mterest 
at 5% per annum is to be repaid in 5 years by half-yearly 
instalments, mcludmg prmcipal and interest, the amount of 


£150 

the half-yearly mstalment would be taken as calculated 

“lol 

at a rate of mterest of ~ £17 1389 = £17 2s 9d to the 
nearest penny 

In this case, the prehmmary calculation of the schedule to 
4 places of decimals would stand as follows — 


Half. 

year 

No 

Principal out- 
standmg at 
beginning of half-year 

Interest 

for 

half-year 

Prmcipal contamed 
m instalment 
for half-year 

Col (1) 

Col (2) 

Col (3) 

Col (4) 

1 

150 0000 

3 7500 

13 3889 

2 

136 6111 

3 4153 

13 7236 

3 

122 8875 

3 0722 

14 0667 

4 

108 8208 

2 7205 

14 4184 

5 

94 4024 

2 3601 

14 7788 

6 

79 6236 

19906 

15 1483 

7 

64 4753 , 

1 6119 

16 6270 

8 

48 9483 

12237 

16 9152 

9 

33 0331 

8258 

16 3131 

10 

16 7200 

•4180 

16 7209 




160 0009 ♦ 


After adjustment on the Imes recommended m the last 
paragraph, the schedule would finally be as follows — 


Half- 

year 

No 

Prmcipal out- 
standing at 
begmnmg of h^-year 

Interest 

for 

half-year 

Prmcipal contamed 
m instalment 
for half-year 

Col (1) 

Col (2) 

Col 

(3) 

Col (4) 


f 

s 

d 

£ 

8 

d 

£ 

8 

d 

1 

150 



3 

15 


13 

7 

9 

2 

136 

12 

3 

3 

8 

3 

13 

14 

6 

3 

122 

17 

9 

3 

1 

5 

14 

1 

4 

4 

108 

16 

5 

2 

14 

5 

14 

8 

4 

5 

94 

8 

1 

2 

7 

2 

14 

16 

7 

6 

79 

12 

6 

1 

19 

9 

15 

3 

- 

7 

64 

9 

6 

1 

12 

2 

16 

10 

7 

8 

48 

18 

11 

1 

4 

6 

15 

18 

3 

9 

33 

— 

8 


16 

6 

16 

6 

3 

10 

16 

14 

5 

- 

8 

4 

16 

14 

5 






Total 

£150 

- 

- 


* The slight discrepancy in the total is due to the limitation of the 
number of decimal places m the calculations 
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10 In practice, loans of the type discussed m this chapter 
are made m connection with mortgages of leasehold property 
and other “wastmg” securities of which the ralue wiU 
necessarily depreciate as time goes on When an advance is 
required on such a security, it is only prudent for the lender 
to stipulate for a scheme of repayment which will ensure that 
the prmcipal outstanding at any tune will he withm the value 
of the security at that time 

In connesjon with these loans, it is customary to mclude 
m the mortgage deed a schedule of the above kind showmg 
how the redemption of the loan is to be efiEected This 
schedule would serve the practical purpose of showmg the 
amount of mterest which is mcluded m each mstalment, and 
upon which mcome tax would be payable by the lender 
^so, if the borrower had the right to redeem at any time, 
the schedule would mdicate the sum which would be required 
to repay the advance 

11 It has hitherto been assumed that the loan will 
successively be reduced by so much of each mstalment as 
will not be required for mterest Alternatively, however, 
interest on the whole of the ongmal prmcipal may be taken 
from the instalment on each occasion, and the balance left 
to be mvested as a sinlong fund payment so as to redeem the 
loan in its entirety by the end of the term The prmcipal, 
which, under the former mode of treatment, would be shown 
as outstandmg at the begmmng of any mterval would then 
be represented by the difference between the sum origmally 
advanced and the sinlnng fund accumulations to date 

For instance, m the example of paragraph 9, each half- 
yearly mstalment of £17 1389 could be regarded as consistmg 
of (a) the half-yearly mterest of £3 75 on £150, and (6) a 
half-yearly sinking fund payment of £13 3889 The accumu- 
lation of these smlnng fund payments is shown m the statement 
on page 54 ; the figures m column (2) of this statement could, 
of course, have been directly obtemed by multiplymg the 
half-yearly smkmg fund payment by the 2i% values of s 
from a-j-j to Sjq] mclusive, but it is thought that the detailed 
illustration of the actual process of accumulation will prove 
instructive 

The figures in column (5) of the statement will be seen to 
agree with those m column (2) of the schedule m paragraph 9 

12 To demonstrate the last paragraph algebraically, take 
the case of the loan of referred to m paragraph 5 Each 
annual mstalment of 1 may be taken to consist of 
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(а) Interest at the effective rate % on the entire advance 
of VIZ (1 - v”) , and 

(б) Annual sinlong fund payment of v” 

The amount of the smkmg fund accumulations by the end 
of the term would be v” x {calculated at an effective rate 
of mterest the sum origmally advanced 

And the amount of the smkmg fund accumulations by the 
end of m years {m bemg less than n) would be i;" X s--]. 
The difference between the sum origmally advanced and 
these accumulations would be 

4 t 

‘DTi-m _ 

« I 

1 - ?;*>'« 

~ t 

which would be the prmcipal outstandmg immediately after 
the m** mstalment had been paid, if the mstalments were 
analysed as m paragraph 5. 


Statement showing the accumulation of a half-yearly sinking 
fund payment of £13 3889 at a nominal rate of interest of 
5% per annum, convertible half-yearly 


Half- 

year 

No 

Total amount 
of smkmg 
fund accumu- 
lations at end 
of half-year 

Interest 
thereon 
earned 
m next 
half-year 

Half-yearly 
smkmg frmd 
payment due 
at end of next 
half-year 

1 

Original loan 
less smkmg 
fund accumu- 
lations stated 
mCol (2) 

Col (1) 

Col (2) 

Col (3) 

Col (4) 

Col (6) 

1 

£13 3889 

£3347 

£13 3889 

£136 6111 

2 

27 1125 

6778 

13 3889 

122 8875 

3 

41 1792 

10295 

13 3889 

108 8208 

4 

55 6976 

1 3899 

13 3889 

94 4024 

5 

70 3764 

1 7594 

13 3889 

79 6236 

6 

85 5247 

21381 

13 3889 

64 4753 

7 

101 0517 

2 5263 

13 3889 

48 9483 

8 

116 9669 

2 9242 

13 3889 

33 0331 

9 

133 2800 

3 3320 

13 3889 

16 7200 

10 1 

150 0009 

— 

— 

Loan repaid 
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13 It has heen shoTra. m the last paragraph that where a 
loan of a— 1 , which has been granted at an effective rate of 
interest i, is being hquidated by annual instalments of umty, 
mcludmg principal and mterest, each mstalment may be 
analysed mto annual mterest of ^ X a-;pj, and annual smking 
fund payment of By simple proportion, therefore, each 

iimt of loan requires an annual mstalment of — consistmg of 
(a) annual mterest of i, and (b) annual sinking fund payment 


V I 

of = — It is, moreover, evident without demonstration 

that the yearly mterest on an advance of 1 is i, and that the 
annual sinking fund payment necessary to replace a sum of 

1 at the end of n years is 


Therefore 


-L 



A diiect algebraical proof of this relationship is as follows — 


1 


a 




I 


= ^^- 


zv” 

l-v”’ 


by actual division, 


» + (! + , )"-l 

on multiplymg the numerator and denommator of the fraction 
by (1 + 1 )" 



It may be added, mcidentally, that the values of are 

frequently required m the calculation of sinking fund pay- 
ments which arise m other connexions, but m view of the 

simple relationship which is seen to exist between — and • — ’ 
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it IS not usual to give the values of both of these functions m 
compound mterest tables 

14 It has been shovm that if the lender does not actually 
set up a sinking fund, he ■will secure the stipulated rate of 
interest on so much only of the prmcipal as remains out- 
standing at the beginning of each mterval If, however, he 
does set up a smkmg fund, he will secure that rate of mterest 
on the whole of the origmal amount of the advance, pro'vided, 
however, that he can remvest the smkmg fund payments 
and the mterest thereon at the same rate of mterest as that 
charged on the loan. The reservation is most important, 
because, if the smkmg fund payments were mvested at a 
smaller rate of mterest, they would not suffice to repay the 
origmal prmcipal by the end of the term 

fi, therefore, at the outset the lender required to earn a 
certam rate of mterest on the whole of his capital for the 
entire period of the loan, he would have to consider whether 
he would be able to remvest the smkmg fund payments at 
the same rate 

It is qmte probable that he would be able to remvest at 
only a lower rate, and the question thus arises as to how the 
repayment of the loan should be effected if such were the 
circumstances 

Let %' = the effective rate of mterest per annum— usually 
described as the “ remunerative ” rate — ^which 
the lender desires to receive on the whole of 
his capital for the entire duration of the 
advance 

And let i = the effective rate of mterest per annum — com- 
monly descnbed as the “ reproductive ” rate — 
at which the smkmg fund payments are to be 
mvested 


As regards these two rates of mterest, the problem is 
simplified if the reproductive rate is regarded as the general 
market rate of mterest at which all sums commg mto the 
possession of the lender "will be mvested, whereas the remunera- 
tive rate of mterest is pecuhar to the particular transaction 
m hand 

Now, for each umt of loan advanced, there •will be required 


for the annual mterest, and 



calculated at rate », for 
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the animal smlang fund payment, so that the yearly mstalment 
necessary to repay the loan •will be -j 

Smce — = 1 , this animal mstalment may be alter- 

natively expressed as }- (i' - i), which shows that the 

^tTI 

mstalment may be calculated m these cases by addmg extra 
annual mterest at the rate {i" — i) on the whole advance to the 
annual instalment computed on the basis of the reproductive 
rate alone 

15 Two rales of mterest may, however, arise m the same 
transaction at the mstance of the borrower, and not of the 
lender Suppose, for example, that a borrower raises a loan 
of £10,000 at 5% mterest to be repaid m one sum at the end 
of 10 years, mterest of £500 per annum bemg paid by him 
throughout this period He might think it ad'vusable "to 
create a sinlnng fimd on his o'wn acco'unt, and so to avoid the 
possible mconvemence of havmg to find so large a sum as 
£10,000 m one amount at the expiry of the loan If he were 
able to mvest at only 4% per annum, the annual si nk i n g fund 

mstalment which he would have to set aside would be — ■ — , 

®iol 

calculated at 4%, = £832 91 The total annual sum required 
for the “ seriuce ” of the loan would thus be £1,332 91, 
mclusive of the annual mterest of £500 

16 As an illustration of the workmg of a loan when 
remunerative and reproductive rates of interest are mvolved, 
consider the follo’wing example, which is similar to that given 
m paragraph 9 A loan of £150 is to be repaid m 5 years by 

' half-yearly mstalments, mcludmg prmcipal and mterest , the 
lender requires to earn a rate of mterest of 6% per annum, 
payable half-yearly, on the whole of the loan, but can remvest 
the Rinimig fund at only 5% per annum, convertible half- 
yearly 

The half-yearly mstalment would consist of — 

(а) Interest of 3% on £150 = £4 5, and 

(б) Sinlnng fund of £160 — calculated at 2^% = 

£13 3889 

The half-yeaily mstalment would thus be £17 8889, or 
1% of £160 more than that m paragraph 9 (See end of 
paragraph 14) 

3— (1853) 
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Particulars of the loan and the sinlong fund accumulations 
may he given in schedule form as follows — 


Half* 1 
year j 
JTo j 

Ongmal 

Loan. 

1 

Interest 

thereon 

for 

half-year 

Total amount of 
Sinkmg Fund 
accumidations 
at end of 
half-year 

Interest 

thereon 

earned 

mne2ct 

half-year 

Col (1) 

Col (2) 
£ 

Col (3) 

£ 

Col (4) 

£ 

Col (5) 

£ 

1 


45 

13 3880 

3347 

2 


4 5 

27 1127 

6778 

3 


45 

41 1792 

10295 

4 


45 

55 5976 

1 3899 

5 1 


4 5 

70 3764 

1 7594 

0 1 


4 5 

85 5247 

21381 

7 


4-5 

101 0517 

2 5263 

8 


45 

116 9669 

2 9242 



45 

133 2800 

3 3320 

10 


4 5 

150 0009 

— 


17. These results may be compressed into the more usual 
type of schedule as follows, although the latter hardly applies 
in these cases 


Half, i 
vear i 
Xo j 

Pnncipal out- 
stanchng at 
beginnmg of half-year. 

Interest 

for 

half-year 

Frmcipal contained 
m instalment 
for half-year 

Col (1) 

Col (2) 

Col (3) 

Col (4) 


£ 

£ 

£ 

1 

1 150 0000 

4 5000 

13 3889 

2 

130 6111 

41653 

13 7236 

3 

122 8875 

3 8222 

14 0667 

4 

108 8208 

3 4705 

14 4184 

5 

94 4024 

3 1101 

14 7788 

C 

79 6236 

2 7406 

15 1483 

4 

64 4753 

2 3619 

15 5270 

8 

48 9483 

1 9737 

15 9152 

9 

33 0331 

1 5758 

16 3131 

10 

10 7200 

1 M680 

16 7209 


The figures in column (2) represent the result of deducting 
the sinking fund accumulations from the original loan The 
pnncipal contamed in each instalment, as stated m column (4), 
represents the reduction which is made m the pnncipal out- 
standmg immediately after the relative instalment has been 
paid The interest stated m column (3) represents the 














LOAHS KEDEEMABMl BY INSTALMENTS 


59 


balance of the instalments after dednctmg the prmcipal 
contamed therem, a-s stated m column (4) 

If this latter schedule be now compared with that m 
paragraph 9, it will be seen that the only difference is that 
the mterest for each half-year has been mcreased by £ 7600, 
1 e by the additional mterest which is required by the lender 
The formula at the end of paragraph 14 shows that this 
relationship holds m all cases where remunerative and repro- 
ductive rates of mterest enter Uie calculations In practice, 
therefore, a convement method of constructmg these schedules 
is first to work on the basis of the reproductive rate of mterest 
alone, and then to mcrease the mterest column by the extra 
periodic mterest on the whole of the origmal advance 

EXERCISE V 

Ik answering these Questions the tables at the end of the book may 
be used 

1 A loan of £125 has been granted at a rate of interest of 5% per 
annum, and is repayable m 5 equal nTuiiial mstalments, mduding 
pnnoipal and mterest Fmd the amount of the annual instEilment 

2 Construct a schedule for the above loan, showmg the analysis of 
each mstalment mto prmcipal and mterest, and the amount of prmcipal 
outstandmg after ea^ mstalment is paid. 

3 A loan of £250 is to be liqmdated by 6 equal half-yearly mstal- 
ments, mdudmg prmcipal and mterest at the rate of 6% per annum 
Calculate the amoimt of the half-yearly instalment, and draw up a 
schedule showmg the repa 3 nxient of the loan 

4 A loan of £150 is to be repaid by means of 6 equal annual 
instalments, mdudmg prmcipal and mterest The lender requires to 
realize 5% per nnmiTn on the full amoimt of the loan for the whole 
period of 6 years, but can remvest the necessary sinking fund at 
only 4^% per annum Calculate the amount of each yearly mstal- 
ment, and draw up a schedule for insertion m the mortgage deed for 
mcome tax purposes 

5 In the case of the last question, find the amount of the sinkmg fund 
accumulations immediately after the fourth mstalment has been paid 

6 A loem of £235 has been granted at a rate of mterest at 6% per 
annum, and is bemg repaid by means of 40 equal quarterly instalments, 
mdudmg prmcipal and mterest Fmd, without constructmg a schedule 
(a) the amount of mterest contamed m the eleventh quarterly mstal- 
ment, and (6) the prmcipal outstandmg immediately after that 
instail^ent has been paid 

7 A buildmg society grants loans on the security of house property 
at the rate of 5% per annum, such loans bemg repayable by equal 
monthly instalments, mdudmg prmcipal and mterest Each borrower’s 
account is made up by the society yearly, and, although the repay- 
ments are actually made monthly, mterest is charged upon the full 
amount of the prmcipal outstandmg at the begmnmg of the year of 
account Calculate the monthly instalment which would be required 
m these circumstances to repay a loan of £500 by the end of 12 years 



CHAPTER VI 

SINKING FUND ASST7BAN0ES 

1 A PERSON who desires to set up a sinking fund in respect 
of any type of wasting security, or to replace the capital loss 
arising from depreciation of machmery, etc , usually finds 
that he is faced with two practical difficulties The first is 
the uncertamty of bemg able to find suitable mvestments 
from time to time, which will yield the desired rate of mterest 
(after deduction of mcome tax), and will be realizable at their 
full book value by the time the smkmg fund is to termmate 
The second is the difficulty, amountmg m practice almost 
to an impossibility, of piomptly mvestmg each amount of 
dividend as soon as it is paid, on the same terms as the 
smkmg fund payments themselves , this difficulty is, of 
course, increased if the dividends are small m actual amount 
The operation of the smkmg fund might, therefore, require a 
closer attention to mvestment matters than it was convement 
to give, and would inevitably be attended by the usual 
mvestment expenses, such as broker’s commission, stamp 
duty, etc , and, probably, by the expenses mcidental to the 
clerical work of supervismg and selectmg the mvestments 
To meet these difficulties, msurance companies are prepared 
to issue pohcies which provide for the payment of a capital 
sum on a fixed date m consideration of the payment to them 
of a single amount when the pohcy is effected, or, alternatively, 
m consideration of the payment of a penodic amount 
These contracts are usually descnbed as smkmg fund 
assurances, or capital redemption assurances, but they are 
occasionally called leasehold assurances, owmg to then being 
frequently effected to replace the loss of capital which occurs 
on the expiry of the term of leasehold property 
2 The capital sum secured by a smkmg fund policy is 
Imown as the sum assured, and the date upon which it is 
payable is described as the date of maturity The considera- 
tion paid by the person effectmg the pohcy is called the 
premium Premiums may be paid m one sum at the outset, 
in which case they are called smgle premiums, or they may 
be paid periodically until the pohcy matures These periodic 
premiums are customarily paid aimually, half-yearly, or 
quarterly, and it is important to note that they are payable 

60 
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in advance, the first being due at the outset, and the last 
being due one period before the date of maturity 
3 The smgle premium under a smkmg fund pohcy is 
evidently such a sum as ■will accumulate at mterest to the 
sum assured by maturity The single premium necessary to 
secure a sinkmg fund policy for a sum assured of 1 payable at 
the ei^iration of n years is symbohcally denoted by 

Therefore, at an effective rate of mterest i, 

X (!• + »)” = 1 


Whence 



1 

( 1 + 


or u" . 


(39) 


It IS clear from general considerations that the smgle 
premium must represent the present value of the sum assured, 
ftiid A--^ could therefore have been •vmtten do'wn straight 
away as 

The rate of mterest which would be employed by the 
msurance company m calculatmg premiums would naturally 
be somewhat below the net rate (after deduction of mcome 
tax) which It would espect to earn m the future The excess 
of the net rate of mterest actually realized over the rate at 
which the premiums are calculated would constitute the 
source from which the expenses of conductmg the busmess 
would be met, and the profits would be earned. 

4 The annual premium under a s inkin g fund assurance 
may he found by equatmg the accumulated amount of the 
premiums payable durmg "Sie term to the sum assured The 
symbol is customanly employed to denote the annual 
premium to secure a sum assured of umty payable at the 
expiration of n years from the ongmal date of assurance 

Whence P^ = - — - — (40) 


“s+n 


P-;pj differs m form and value from the corresponding sinfcmg 

fund payment of — dealt "with m the previous chapter, because 

the annual premiums of P-^ are payable at the beginning of 
each year (and thus constitute annuities-due) whereas the 

sinlnng fund payments of ~ are payable at the end of each 
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year (and thus constitute immediate annuities) The relation- 
ship subsisting between the two types of sinking fund 
payment is 



1 

= X 


which may be easily established either by general reasomng 
or by algebraic methods 

5 Alternatively, the annual premium may be found by 
equatmg the present values of the sum assured and of all the 
annual premiums 

Thus = 


V" 


Whence = — 


v" 


1 


+ n ^ 


(41) 


It may be shoivn that — is the same as 

®T1 

multiplymg the numerator and denommator of the former 
expression by (1 -f i)" 

It 18 mterestmg to observe that the following relationship 
exists between the smgle and annual premiums, viz 


which mdicates that the smgle premium is the exact equivalent 
of the present value of all the annual premiums payable 
6 As an illustration of the application of formulas (39) and 
(40), the smgle and annual premiums will be found for a 
sinirng fund assurance for £100 maturing at the end of 
20 years, the calculations bemg based on an effective rate of 
interest of 3% per annum 


The desired smgle premium = £100 X u®” 

= £65 368 or £65 7s 4d 
The desired annual premium = £100 — {s^ - 1) 

= £100 - 27 6765 
= £3 613 or £3 12s 3d 


Premiums Payable more Prequently than 
Annually 

7 Premiums payable more frequently than annually may 
be calculated on the same principles as those described m 
paragraphs 4 and 5t 
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Let P;j-j denote the total of such premiums payable m each 

p(»') , 

yeai m equal mstalments of at the begummg of each — th 

of a year to secure a sum assured of 1 at the end of n years 
Then, workmg on the basis of the equahty of the accumu- 
lated amount of the premiums to the sum assured, as m 
paragraph 4, 

,(«') . „ . .r. («') 


-^iTl X (1 + X — 1 (See formula (31) ) 


Whence P^| = 


(1 + «)” X 


(42) 


Or, workmg on the basis of the equahty of the present 
values of the sum assured and the premiums as m paragraph 6, 

,(m) (m) 


71 X 


V' 


Whence P^j = 

== (See formula (29) ) (43) 

(1 + X a--] 


The equahty of the two forms for P^*], as shown by formulas 
(42) and (43), will be evident if it is remembered that 

(m) „ (m) 

«nl=^ X 


8 As an illustration of the calculation of sinking fund 
premiums payable more frequently than yearly, suppose that 
the half-yearly and quarterly premiums had been required m 
the case of the example m paragraph 6, instead of the annual 
premium 

Formula (42) would be the more convement to apply, the 
desired half-yearly premium bemg given by 


£100 X sPi!! == s X calculated at 3% 

2 20 ] 2 % 

X— X ^50] 

1 ,, £100 
“"2^ 1 01489 X 1 00744 X 26 8704 
= £1 820 or £1 16s 5d 
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Similarly, the desired quarterly premium would be given by 

1 1 £100 
1 X 


£100 

4 20] 


■calculated at 3% 


1 

= 4^ 


£100 

1 00742 X 1 01118 X 26 8704 
= £913 or 18s 3d 

It will have been observed that the premiums per umt of 
the sum assured have been taken as one-half and one-quarter 

of the respective values of and ■pyi’ this is because 

(tij) 1 

— thly premiums payable m a 


1 


,(«») 


year, the — thlv premium itself being 

fti “ m 

9 The value of is always greater than that of P-^ 
because the pa 3 mient of premiums m mstalments mstead of 
m advance at the begmnmg of each year entails a certam loss 
of mterest to the msuiance company, which loss has to be 
made good by chargmg a higher rate of premium 

A fixed relationship always exists, however, between P-^ 
and P —1 because the instalment premiums fallmg due m each 
year are the exact equivalent of an annual premium if due 
allowance be made for mterest. 

Thus P«Xa?j = P^ 

= % 
a^ 

It will thus be seen that the values of P^’j may be obtamed 
from those of P-^ by multiplymg by the factor which is 

a-T] 

mdependent of n The correspondmg factor by which the 
annual premium must be multiphed to give the 

premium itself is X To lend reality to the matter. 


(44) 


im) 
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a ievr specimen values of tlus latter factor are given below 
Tiles© have been calculated from the formula 

1 


m X a-^ 


1 - 1 ? 


which may be easily derived if it is remembered that 


/I , 

a-Yi = (1 + 1)"* X 


1 -i; 


m{{l + 


Effective Rate of 
Interest t 

1 Factor Applicable to 

Half-yearly 

Premiuins 

Quarterly 

Premiuma 

02 

50248 

' 25186 

•025 

50309 

25232 

OS 

50S70 

1 25278 

OSS 

50430 

25323 

04 

50490 

25369 


By the use of this table, the half-yearly and quarterly 
premiums calculated m paragraph 8 could be quickly found 
from the annual premium of 12s 3d Thus — 

The half-yearly premium = £3 613 X 50370 

= £1 820 as before, and 

The quarterly premium = £3*613 X 25278 

= £ 913 as before 

Approximate values of the above factors may be obtamed 
by assunung that the premiums m each year accumulate at 
simple interest On this assumption, in the case of quarterly 

premiums, the first premium of would earn a full year’s 
mterest, the second would earn three-quarter’s of a year’s 
interest, and so on, the total amount to which the premiums 
would have accumulated by the end of the year bemg 

+ hP'ir\ 1 

(4) 
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An annual premium, on the other hand, would have 
accumulated by the end of the year to 

and smce the quarterly premiums are the exact equivalent of 
an annual premium, these two expressions must he equal, i e 

(41 

pW _ l+» 

■^TTI -^71 1 

= (1 + |») approxnnately, by aotua.1 

division 

Thus iiie quarterly premium = ^(1 + f^) X annual pre- 
mium, approximately Similarly, it may be shown that the 
half-yearly premium is approximately |(1 -|- x annual 
premium 

Policy Values 

10 The premiums received by an msurance company under 
its smkmg fund contracts are earned to a separate fund, out 
of which the sums assured are paid as they become due, and 
the expenses of management and other mcidental outgo are 
defrayed All sums appropnate to this fund which are not 
immediately required to meet outgo would be mvested by the 
company, and the net mterest earned, after deduction of 
mcome tax, would he credited to the fund The amount of 
the fund at any particular time would show the total sum 
which was held mvested on behalf of the sihkmg fund pohey- 
holders as a class, and the question naturally arises as to 
whether this amount would enable the respective sums 
assured to be paid by maturity, assummg, of course, that the 
payment of future premiums will be duly made by the 
policy-holders 

The amount which should be held by the company agamst 
any particular smkmg fund pohey is known as the reserve 
or pohey value These pohey values may be calculated by 
two methods, viz (1) the retrospective method, under which 
the pohey value is represented as the accumulated amount of 
the premiums already paid , and (2) the prospective method, 
under which the policy value is represented as the excess of 
the present value of the sum assured over the present value 
of aU of the future premiums Regarded from the pomt of 
view of the prospective method, the pohey value is clearly 
such a sum as will, with the future premiums, enable the sum 
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assured to be paid at maturity If the retrospective method 
of calculation be employed, it is, of course, essential that the 
net rate of mterest used m the accumulation of the premiums 
should not be less than the net rate upon which the premiums 
themselves were based , otherwise the pohcy value at the 
date of maturity would be less than the sum assured then due 
Ordmarily, however, the calculations under both methods 
would be made at the same rate of mterest as that adopted 
m the construction of the scale of premiums. 

11 In the case of a smgle premium pohcy effected to secure 
a sum assured of unity at the end of n years by payment of a 

smgle premium of the pohcy value at the end of 

t years calculated accordmg to the retrospective method would 


clearly be ^r+^" 


X (1 ^)' or 2 ?"'^ 


As there are no further premiums payable, the pohcy value 
accordmg to the prospective method would be simply the 
present value of the sum assured, viz a?”** 

In the case of an annual premium pohcy effected to secure 
a sum assured of unity at the end of n years, subject to 
payment of annual premiums of P-^, the pohcy value at the 
end of t years (immediately before payment of the premium 
then due) would be denoted by Accordmg to the 

retrospective method of calculation, therefore. 


Accordmg to the prospective method, the present value of 
the sum assured bemg r” and the present value of the future 
annual premiums bemg a^^^, 

= (46) 

It is shown m the Appendix that the pohcy values accordmg 
to the two methods are identical, provided that the same rate 
of mterest is employed throughout 

12 As an illustration of the calculation of pohcy values, 
suppose that it is desired to find the respective pohcy values 
at the end of 8 years of the pohcies for which the smgle and 
annual prermums were obtamed m paragraph 6 
The pohcy value at the end of 8 years of the smgle premium 
pohcy calculated accordmg to the retrospective method 
would be 


£55 368 X (1 03)8 = £55 368 x 1 26677 = £70 14 
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According to the prospective method, this policy value 
would he 

£i00 X at 3% = £100 X 70138 = £70 14, as before 

The policy value at the end of 8 years of the annual premium 
policy calculated accordmg to the retrospective method 
would be 

£3 613 X - 1) at 3%== £3 613 X 9 1691 = £33 09 

According to the prospective method, this policy value 
would be 

£100 X - £3 613 X at 3% 

= £70-138 - £3 613 X 10 2526 = £33 09, as before 

13 The pohcy values of smkmg fund assurances effected by 
premiums payable m times a year will now be considered 
The policy value at the end of ( years, and immediately before 
the due-date of a premium, of a sinlong fund assurance 
securmg a sum assured of 1 payable at the end of n years and 

effected at —thly prermums is denoted symbohcally by 

(m) 'm 

Accordmg to the retrospective method, 

X (l-f X 5?] . (47) 

and, according to the prospective method, 

14 It has been assumed m the last paragraph that t 
embraces an mtegral (i e exact) number of “ths of a year 
If, however, i is an mtegral number of years, it may be shown 
that f 

From formula (48), 

Am) (m) 

¥i X »n 


= X av-^ X a, 


X asii 


(m) (m) 

smce P-jj-j X a^n = P- 






That IS to say, the pohcy value at the end of an mtegral 
number of years of a smkmg fund assurance effected at 
premiums payable more frequently than yearly is the same 
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as if the assurance had been effected at annual premiums ; 
this IS so because the instalment premiums received m each 
complete year are the exact eqmvalent of an annual premium 

Stjrrendbb Valtjes aistd Paed-up Policies 

15 If a sinkmg fund assurance were to be discontmued by 
the pohcy-holder, it might be thought that he should be 
allowed a surrender value of the full amount of the policy 
value For various practical reasons, however, surrender 
values cannot be allowed on such a favourable basis, some 
deduction bemg necessary from the full theoretical pohcy 
value It 13, therefore, customary to calculate the surrender 
values of smkmg fund assurances effected by periodic 
premiums on some such bases as the followmg, viz — 

(o) 92^% of the premiums paid after the first ji-ear, 
accumulated at 3% per annum compound mterest , or 

(6) The whole of the premiums paid after the first year, 
accumulated at 3% per annum compoimd mterest, together 
with the accumulated amount of the excess (if any) of the 
first year’s premium over a stated proportion of the sum 
assured, usually about £2% 

A common basis of surrender value for smgle premium 
assurances is 92^% of the smgle premium paid, accumulated 
at compound mterest at 3% pei annum 

It IS usual for the appropriate surrender value basis to be 
stated in the pohcy itself, and it will have been noted that 
custom favours a retrospective mode of calculation, as bemg 
more likely to be imderstood by the pohcy-holder than a 
prospective method 

Instead of surrendermg outright, a pohcy-holder who 
wished to discontmue payment of premiums could have the 
pohcy converted mto a paid-up pohcy Such a pohcy would 
be free from payment of further prenuums and would carry a 
correspondmgly reduced sum assured The sum assured 
under the paid-up pohcy would be that which would be 
secured by applymg the surrender value of the policy as a 
smgle premium under a new assurance for the balance of the 
ongmal term For example, ^ be employed to denote the 
surrender value of a pohcy effected t years ago to secure a 
certam sum assured at the expiration of n years from the 
original date of assurance, the correspondmg paid-up pohcy 

would be ~ or S{1 + i)”-^ 

16 The paid-up pohcy correspondmg to a policy value of 
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f F--J IS denoted by and from the preceding paragraph 

it will be evident that 


,F(4^) = X (1 + . (49) 

Many other forms may be devised for the theoretical 
paid-up pohcy, but it will be sulBficient for present purposes 
merely to consider the two following — 

(a) If a snikmg fund assurance of 1 payable at the end of 
n years were ejffected subject to the payment of annual 
premiums durmg the first t years only, the annual premium 

would clearly be — The payment of t yearly premiums 

of — would thus entitle the pohcy-holder to a fully paid 
®T1 

assurance for a sum assured of 1, payable at the end of n 
years from the origmal date of assurance 
A pohcy-holder who has paid t years’ premiums of P— -j 
under an ordinary smking fund assurance should, therefore, 
be entitled by way of paid-up pohcy to a sum assured of 





smce 





fD 


since aj| = (1 4- ») Uf] 
anda^ = 


Sothat,Tr(4-,)=^ 

“nl 


(60) 


(6) The payment of an annual premium of P— j for n years 
will secure a sum assured of umty at the end of the term 
Assume that after t years’ premiums have been paid, the 
pohcy-holder decides (1) to convert the pohcy mto a paid-up 
assurance, and (2) to effect a new pohcy maturmg at the end 
of a further {n - 1) years, subject to payment of exactly the 
same annual premium as before, %viz P— i 
It can easily be shown that under the new pohcy the sum 


assuied will be 




Now, the total of the sums assured 


under the paid-up and new poheies must be the same as under 
the origmal pohcy, because no alteration has been made m 
the premiums payable by the pohcy-holder, nor m the rate 
of mterest at which they are to be accumulated 
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Therefore, since the sum assured under the ongmal pohcy 
is 1, and the sum assured under the new pohcy is p— , the 
sum assured under the paid-up pohcy must be the balance, 


VIZ 1 - 


fjQ. 

■^jhI 


Soaia,t,1F(4^) = l-^ 

B-t| 


(51) 


As a matter of mterest it may be added that all the forms 
for may be shown to be algebraically identical 

When premiums are payable more freq[uently than yearly, 
the form^a corresponding to formula (49) is 

X (1 + .)«■' . . (62) 

from which paid-up pohcj' values may readily be calculated 

m practice, especially if the pohcy value <7^] has already 
been obtamed 

In this paragraph it has been assumed that the full pohcy 
value would be apphed, without any deduction, to secure the 
paid-up pohcy value In practice, however, the general rule 
would be to apply the surrender value only, as stated m 
paragraph 15 

17 It may be mstructive to give an example of the calcu- 
lation of a paid-up pohcy accordmg to the three formulas 
obtamed m the last paragraph For this purpose, suppose 
that it is required to find the theoretical paid-up policy which 
could be granted at the end of 8 years imder an assurance 
efEected at annual premiums to secure a sum assured of 
£100 payable at the expiration of 20 years, as m the ease of 
the example m paragraph 12 

From formula (49), the paid-up pohcy 

= £33 09 X (1 03)12 = £33 09 X 1 42576 = £47 18 

From formula (50) it is £100 at 3% 

= £100 X 

14 877o 

p_ 

From formula (51) it is £100 (1 - -^) 

•^121 
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EXERCISE VI 

Ik answonng these Questions, the tables at the end of the book may 
bo used 

1, Calculate, on the basis of an effective rate of mterost of 3% per 
annum, the smgle premium for a smkmg fund assurance of £100 to 
mature at the end of 25 years 

2 Find the annual, half'yearl}”, and quarterly premiums to secure a 
smlung fund assurance of £250 to mature at the end of 12 years , the 
basis of the calculations is to be an effective rate of interest of 3^% 
per annum 

3 Find the policy values of the above sinking fund assurances at 
the end of 5 years, using the respective rates of mterest underlymg the 
original calculation of the premiums 

4 An insurance company allows surrender values of sinlcmg fund 
assurances effected by annual premiums on the basis of 92^% of the 
premiums duo and paid after the first year, accumulated with 3% per 
annum compound mterost, together with the accumulated excess of 
the first year's premium over £2% of the sum assured, the accumulation 
being based on a rate of mterest of 2% per annum Calculate the 
surrender value of a 16*yoar smkmg fund assurance for £350, effected 
5 j'cora ago at annual premiums of £18 5b 5d , all of which have 
been paid to date 

3 A 30-year smlong fund policy was effected 6 years ago for a 
sum assured of £500, subject to half-yearly premiums of £5 2s lOd , 
vhich were calculated at an effective rate of interest of 3% per annum 
Fmd the amount of the paid-up pohey which could, in theory, be allowed 
if no further premiums are paid All the premiums which have fallen 
duo have been paid 

0 Ton years ago o smlong fund policy was effected for a sum assured 
of £100 payable at the expiration of 25 years, subject to annual 
premiums of £2 13s 4d The policy-holder now desires to extend the 
original term by 5 years without altermg the sum assured Calculate, 
on the basis of an effective rate of mterest of 3% per annum, what 
future annual premium should be charged for the neirt 20 years 

7. 'l\’hat would have been the future annual premium in the case of 
the lost question, if the policy-holder desired to pay only 16 years’ 
further premiums * 



CHAPTER Vn 

YIELDS 

1 In the preceding chapters it has been sho^m how the 
financial terms of different types of transaction may be fixed 
on the basis of a given rate of mterest In practice, however, 
it freq[iiently happens that the terms of a transaction are 
kaown, and it is desired to ascertam what rate of mterest is 
mvolved For example, an mvestor contemplatmg the 
purchase of a stock redeemable 25 years hence at £105 and 
bearmg a rate of mterest of 4% per annum may be informed 
that the market price is £97, and he would probably require 
to know what rate of mterest would be secured to him by 
purchasmg at that price Agam, a person who wished to 
raise a sum of money on mortgage of house property might 
well require to ascertam the rates of mterest underljing the 
various terms of repayment by instalments which are available 
to him In each of these representative cases the terms of 
the transaction are fixed, and the problem is to ascertam the 
correspondmg rate of mterest 
2 Generally speakmg, it is not possible to solve these 
problems by direct meliiods of calculation An exception 
exists, however, when the transaction takes the form of the 
exchange of a present amount for a larger sum due at a 
future date, as, for example, m the case of a sinking fund 
assurance effected at a smgle premium or of the purchase of 
a savmgs certificate 

In these exceptional cases the problem of determmmg the 
rate of mterest may always be reduced to finding the value 
of i from an equation of the form (1 + i)” = C, where n and 
C are known As a practical illustration, consider the case 
m which a 30-year s inkin g fund assurance would be granted 
by an msurance company at a rate of smgle premium of 
£41 4s Od per cent, and a prospective pohcy-holder desued 
to know what rate of mterest he would earn m respect of 
such a pohcy Let the required rate of mterest per umt per 
annum be denoted by ? 

Then 41 2 x (1 4 - = 100 
And (1 -f = 100 — 41 2 

This may be described as the fundamental equation 

6-{1853) 73 
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Taking logarithms of both sides of this equation, 

30 X logio (1 + ^) = logio 100 - logio 41 2 

= 2-16148972 = 3851028 
Therefore log^o (1 + ^) = 0128368 
Whence, on takmg antilogarithms, 

(1 + ^) = 1 03 
And i = 03 

3 The reason why direct calculation cannot always he 
employed to find the rate of mterest involved m a given 
transaction is that the appropnate fundamental equation 
might not he capable of solution hy any known algebraic 
method. Even if it were merely required to ascertam what 
rate of interest were mvolved when an annuity-certam of 
1 per annum had a given present value, the impossibility of 
determming i from an equation of the t 3 q)e = G would 
prevent a solution of the problem by direct calculation 
In view of the serious limitations on the method of direct 
calculation m this respect, the general method of solution 
which IS adopted m practice is to use compound mterest 
tables mversely So far, these tables have been employed to 
find the values of various functions correspondmg to given 
lates of mterest , by usmg the tables mversely the rate of 
mterest may be found from the value of the function itself 
and the term Incidentally, it may be mentioned that, if 
necessary, the tables could also be used to find the term, 
havmg given the rate of mterest and the value of the function 
In practice, therefore, the above smkmg fund problem 
would be solved from the fundamental equation 
(1 -}- j)3o = 100 - 41 2, or 2 4272 

by searchmg the compound interest tables at successive rates 
of mterest so as to find what rate of mterest produces a 
value of 2 4272 for (1 + i)" when w = 30 By this means, 
the desired rate of mterest would be found to be 3% per 
annum 

The method of usmg compound mterest tables mversely m 
this way is of such importance m practical work that a 
further example will be given of its apphcation Suppose 
that a prospective mortgagor has been offered a loan of £1,000 
to be repayable in 30 quarterly mstalments of £41 12s 9d , 
mcludmg pimcipal and mterest, and that he desires to know 
what rate of mterest he is bemg called upon to pay 
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At a nominal rate of interest j convertible 4 tunes a year 


the quarterly instalment would be 

rate ^ 

4 


£ 1,000 


calculated at 


And 


1,000 


a- 


= 41 638 


■30l 


Whence the fundamental equation is 
“sol "" 41 638 

On searchmg the tables it is found that = 24 017 

(almost exactly) when the rate of mterest is 1|% Smce this 


rate corresponds to the terms of the proposed mortgage 


are based on a no min al rate of mterest of 6% per annum, 
convertible quarterly To find the equivalent effective rate, 
the value of (1 015)^ would be ascertamed from the tables, 
and umty deducted therefrom, thus givmg the result of 
6 136% or £6 2s 9d %, approximately 

The device of working on the assumption of a nonunal rate 
of mterest should be carefully noted Where any of the 
payments m the origmal transaction are made with greater 
frequency than yearly, it is usually found simplest to make 
the calc^ations on the basis of a nominal rate of mterest 
convertible with the same frequency If necessary, the 
correspondmg effective rate may be finally obtamed from 
the nommal rate 

To revert to the general question of the mverse use of 
compound mterest tables, it does not often happen that the 
exact required value of the function is found m the tables, 
because the desired rate of mterest ruight he between two 
adjacent tabulated rates Even m such cases, however, the 
method provides the basis of a solution, as will be seen later 


Graphic Process 


4 An obvious alternative mode of ascertainmg the rate of 
mterest underlymg any given transaction is by means of the 
graphic process, which \^1 now be illustrated m findmg the 
yield from a redeemable security, purchased at a given price 
Suppose that it is desired to find the yield on a debenture, 
redeemable at 105 forty years hence, and bearmg yearly 
mterest of 5% per annum, the first mterest payment bemg 
due at the end of one 5 ’’ear, and the purchase price bemg 113 
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The first step is to value the security at several rates of 
interest in turn, using for that purpose the formula 


105 X + 6 X a|5i 



The results of these valuations are as follows — 


Effective Bate of 
mterest per annum 

3 % 

3|% 

4 % 

4^/0 

5 % 

5^% 


Value of Debenture 
(Purchase Price) 
147 8 
133 3 
120 8 
1101 
100 7 
92 6 


By plottmg these results graphically m the usual way, the 
above “ curve ” is obtamed 
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By means of this graph, the yield correspondmg to any 
given purchase price between 92 6 and 147 8 may be imme- 
diately obtamed by mspection , at a price of 113 the debenture 
IS seen to yield about 4 36% per annum 
The graphic method of solution is not, however, adopted 
m practice because of the labour which is mvolved m con- 
structmg the graph, and the difficulty which is often 
experienced m readmg off the desired yield with sufficient 
accuracy 

5 These objections may be overcome to a very large extent 
if it be assumed that the “ curve ” is a straight hne between 
two pomts which respectively correspond to tabulated rates 
of mterest on either side of the desired yield In these 
circumstances there would be only two prehmmary values 
to be calculated, one of which would be larger than the given 
value, and the other smaller If the graph were then 
plotted on a large scale, the method would be reasonably 
serviceable for practical purposes In the mterests of accuracy, 
however, the prehmmary values should be calculated at rates 
of mterest as close together as the available compound mterest 
tables permit If possible, these rates of mterest should 
differ by no more than ^ per cent 
The diagram on page 78, which is based on the above graph, 
shows how a solution of the original problem is simplified by 
the assumption that the curve is a straight hne between 
pomts B and D 

In this diagram AB represents the value of the debenture 
(120 8) at a rate of mterest of 4% per annum, represented by 
OA , CD represents the value of the debenture (110 1) at a 
rate of mterest of 4^% per annum, represented by 00, and 
GH represents the given purchase price of 113 OH, there- 
fore, represents the required yield, which is seen to be about 
4 36% per annum, as before 

Method of Iotebpolation 

6 It will now be shown, however, that on the assumption 
that the curve is a straight Ime between pomts B and D, 
there is really no need to solve the problem graphically at all 
I^rst, let BF be drawn parallel to 00 meetmg CD produced 
at F, and let EG be produced to meet BF at E Then the 
desired yield OH = OA BE 
Smce the triangles BEG and BFD are similar, the ratio of 
BE to EG is the same as the ratio of BF to FD But 
BE represents the increase in jueld which anses from a 
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Teduction of EG m the purchase price , and BE repiesents 
the increase m yield which arises from a reduction of ED 
m the purchase price Hence, between the prescribed limits 
of purchase price, the morease in the yield is always pro- 
portional to the decrease m the price. This provides the key 
to the arithmetical solution of the problem !Prom the table 
in paragraph 4, it is seen that a reduction m the price from 
120 8 to 110 1 IS accompamed by an mcrease m the yield 



from 4% to 4|% , it is now desired to know what increase 
m the yield would arise as a result of reducmg the price from 
120 8 to 113 0 

The arithmetical workmg may be set out as follows — 

A price reduction of 10 7 increases the yield by *5% 

5 

Therefore a price reduction of 1 mcreases the yield by 2 ^% 

5 

And a price reduction of 7 8 mcreases the yield by |^X7 8% 

= 36 % 

Whence the desired yield — 4 36% as before 
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The general process of finding intermediate values of 
tabulated quantities is known as mterpolation The arith- 
metical method here illustrated mvolves only two tabulated 
values, and is known as first difference mterpolation If the 
values of the tabulated quantities are not widely different, 
first difference mterpolation usually gives results which are 
sufficiently accurate for practical purposes 
7. In the case exammed m paragraph 5 above, the tabulated 
values decrease when the rate of mterest is increased In 
some cases, however, the tabulated values would increase 
with an increase m the rate of mterest, but it may easily be 
shown on the hues of paragraph 6 that the method of first 
difference mterpolation could still be apphed The general 
prmciple underlying the apphcation of fiist difference mter- 
polation to these problems is, therefore, that the mcrease 
(or decrease) m the tabulated value is proportional to the 
correspondmg mcrease m the rate of mterest 
For example, suppose that the rate of annual premium for 
a 25-year sinking fund assurance is £2 12s Od per cent of 
the sum assured, and that it is desired to find the rate of 
mterest which would be yielded by such a pohcy Here 
26 ( 52 ^- 1 ) = 100 

Whence the fundamental equation is = 39 4616 
On reference to the tables, 55 ^ is seen to be 38 6530 when 
the rate of mterest is 3% per annum, and 41 3131 when the 
rate of mterest is 3^% per annum 

Thus, an increase of 2 7601 m corresponds to an increase 
m the rate per cent of 5 

And an increase of 9085 m 5 ^^ corresponds to an increase 

9085 

m the rate per cent of „ X 5 = 165 

2 7601 

So that the desired rate of mterest = 3 165% per annum 
If compound mterest tables were available givmg values 
of " a ” for rates of mterest differmg by only ^%, a much more 
accurate result would be obtamable 
8 It has thus been shown that the necessary steps to 
ascertam the rate of mterest underlymg a given transaction 
are — 

(а) To determme the fundamental equation this must be 
of such a form that one side consists of compound mterest 
functions, and the other consists of a numerical value 

( б ) To evaluate the functions m the fundamental equation 
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at two rates of interest as close together as the available 
compound mterest tables permit , these rates must be so 
selected that one result of the valuation is m excess of the 
given numerical value, and the other is m defect of that value 
(c) To ascertam by first difference mterpolation between 
the results derived under (6), what rate of mterest corresponds 
to the given numerical value m the fundamental equation 
9. It IS not always easy to decide upon the rates of mterest 
at which the prelimmary valuations should be made m order 
to comply with the requirements stated under (6) in the last 
paragraph At worst, however, it can be merely a matter of 
successive tnals In any event, after the first valuation has 
been made, it is easy to see whether a higher or lower rate of 
mterest must be employed to produce a result on the other 
side of the given numerical value In this connexion it 
must be remembered that an mcrease m the rate of mterest 
decreases present values, and mcreases amounts, irrespective 
of whether such present values or amounts refer to single 
payments or to series of pa 3 mients 
If, however, the ongmal problem relates to a redeemable 
security, an approximation to the yield can be obtamed by 
means of one of the formulas given m the next paragraph 
Such an approximate result would serve to mdicate suitable 
rates of mterest for the prelimmary valuations 

Approximate Formulas Applicable to Redeemable 

Sbcuritibs 


10 Let R = the redemption value of the security, 

D = the dividend payable m each mterval, the first 
bemg due one mterval hence, 
n = the number of mtervals at the end of which 
the secunty is redeemable, 

F s= the given purchase pnce of the secunty, 
and i ~ the effective rate of mterest per umt per mterval 

yielded by the security at a price of F 
The problem is to find ^ from B, D, n, and F 
Consider, m the first mstance, the case where F is greater 
than i?, le the case where the security is purchased at a 
premium. 

(a) The capital at the date of purchase is F, and tbs 
decreases gradually (see Chapter IV, paragraph 8) until by 
the end of the n mtervals it becomes B The average decrease 


m capital value per interval is thus 


V-B 

n 
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But the total decrease in capital value, viz V -R, must be 
met out of the dividends received, and it is only the balance 
of the dividends that may properly be regarded as mterest 
The average mterest per mterval is therefore 

n 

Now the capital, it is assumed, decreases by an equal amount 
each mterval from V at the begmnmg of the first mterval 
V — R 

to i2 H — at the beginning of the last mterval, so that 

the average amount of capital mvested is midway between 
these two amounts This average capital may be shown to be 

The required effective yield per mut of capital per mterval 
18 given by dividmg the average mterest per mterval by the 
average capital mvested 

Thus t 

If both numerator and denommator m this expression be 
divided by B, the formula becomes 

k 




n 


k 


2n 


smce ^ = g, and = k (See Chapter IV, paragraph 6) 


The formula is usually stated m the second form, although 
the first is more convement for its practical apphcation 
It will be noted that the formula does not mvolve compound 
mterest functions, but it cannot be rehed upon to furnish very 
accurate results, especially if n should be large 

(6) If the capital mvested is regarded as F throughout the 
entire period, the amount to be set aside as a smkmg fund 
payment each mterval to provide for the capital “ loss ” on 

V -R 

redemption oiY — R would be 
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V — It 

The balance of the dividend, viz D , should alone 

be regarded as interest, and since the ca 2 iital is V, 

V-R 


D- 




On dividing both numerator and denommator by R, as 
before, ^ 

1 + A 

One pomt calls for mention here, however, m that 
should, strictly speakmg, be calculated at rate i per mterval 
If it were so calculated, the result of the formida would be 
exact, but if a trial rate were used (as would be the case m 
practice) the formula would give approximate results only 
The result of one application of the formula may, however, 
be employed as a tnal rate to calculate 5--j for a second 
apphcation, and if this were done, the result of the second 
application would usually be very near the truth 
11 For the purpose of evolvmg the above formulas, it has 
been assumed that the security stands at a premium on its 
redemption price The formulas apply, however, without 
modification, if the secunty stands at a discount, but in their 
apphcation it must be carefully observed that the numerical 
values of both (F-i2) and k would be negative m such 
circumstances 

That the first formula apphes when the secunty is purchased 

R-Y 

at a discount will be seen if it is borne m nund (1) that 

' ' n 

would be added to the penodic dividend to give the average 
total mterest apphcable to each mterval, and (2) that the 
average amount of capital mvested would be the mean between 

R-V 

V at the begmnmg of the first mterval and R — at the 

begmnmg of the last mterval. 

That the second formula apphes also if the security stands 
at a discount is clear from the consideration that the premium 
on redemption oi R-V may be considered as the eqmvalent 
R-V 

of mterest of per interval Hence the total mterest 
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appbcable to each interval is jD -{ — - — , ■winch is, of course, 
V-B 

equal to jD included in the formula 

12 The principles underlymg these two approximate 
formulas will now be apphed to find the yields from debentures 
standin g respectively at a discount and at a premium on their 
redemption value 

In each case it will be supposed that the debenture is 
redeemable at 105 m 20 years time, and that it bears a rate 
of mterest of 5% per annum payable half-yearly , so that 
B = 105, w = 40, and D = 2 5 
(a) If the purchase price were 120, the debenture thus 
standmg at a premium of 16 on its redemption value, the 
following would be the respective calculations — 

(i) First Formula 

15 

Average half-yearly mterest =2 5- 

= 2125 


Capital mvested at beginning of first halE-year= 120 
Capital mvested at beginning of last half-year = 106 -f ^ 

= 105 375 

Whence, the mean capital invested = ^{120 -j- 105 375) 

= 112 6875 

9 IS*! 

Therefore * = = 01886. 

So that at a price of 120 the debenture yields approximately 
3 772% per annum convertible half-yearly 


(u) Second Formula 
Discount on redemption = 15 

Correspondmg half-yearly smkmg fund mstalment =■ 


16 


®40l 

15 15 

If IS calculated at a teial rate of 2%, — — = ^ 4Q26 

= 248 approx 

Deductmg this from the half-yearly dividend of 2 5, the 
result is 2 252, which, di'vided by the price of 120, gives 
01877 So that at a price of 120 the debenture yields 
approximately 3 754% per annum convertible half-yearly 
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^ ®40l had been calculated at a trial rate of 1|% the 
resulting yield would have been 3 730% per annum convertible 
half-yearly The true yield in this case is 3 742% per annum 
convertible half-yearly, and the superiority of the second 
formula over the first from the pomt of view of accuracy is 
thus apparent 

(6) If the purchase price were 98, the debenture thus 
standmg at a discount of 7 on its redemption value, the 
followmg would be the respective calculations — 

(i) First Formula ^ 

Average half-yearly mterest ~ ^ ^ 40 

= 2*676 

Capital mvested at begmnmg of first half-year= 98 

7 

Capital mvested at begmnmg of last half-year = 105 - ^ 

= 104 825 

Whence mean capital mvested = ^(98 + 104 825) 

= 101*4126 

Therefore i = = 02638 

101*4126 


So that at a price of 98 the debenture yields approximately 
5 276% per annum convertible half-yearly 

(u) Second Formula 

Premium on redemption = 7 

7 

Correspondmg half-yearly smkmg fund mstalment = — 

^40l 

7 7 

If IS calculated at a trial rate of 2^%, ~ = gy 

40l 

= 104 approx 

Addmg this to the half-yearly dividend of 2 5, the result is 
2 604, which, divided by the pnce of 98, gives 02657 So that 
at a price of 98 the debenture yields approximately 6 314% 
per annum, convertible half-yearly 
If 5^ had been calculated at a trial rate of 2|%, the 

resultmg yield would have been 6 302% per annum con- 
vertible half-yearly The true yield is 6 307% per annum 
convertible half-yearly, and here again, as is usually the case, 
the second formula produces the more accurate result 
13 If a redeemable security is purchased at a premium on 
its redemption value, and a sinlong fund has to be set up at 
a specified rate of mterest (not necessarily that yielded by the 
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security), as mentioned m (Chapter r\^ paragraph 10, the 
reasonmg of that paragraph may he used to find the yield m 
such circumstances 

On dividmg both sides of formula (37) by V, 


, tn 


where is calculated at the rate of mterest per umt per 
mterval at which the smkmg fund payments are to be actually 
mvested It will be seen that this formula is the same m 
type as that obtamed m paragraph 10 ( 6 ) of the present 
chapter, and need not, therefore, be further considered here 
14 In the case of the redeemable securities dealt with m 
this chapter, it has been assumed that the security is purchased 
immediately after a dividend due-date If, as is usually the 
case, the security is purchased on some other date, shght 
modifications will become necessary m the methods of 
calculatmg the yield If the yield is to be calculated by the 
method of mterpolation summarized m paragraph 8 , it is 
merely necessary to make the prehmmary valuations of the 
security as at the actual date of purchase by accumulating 
the value on the last previous due-date, as mentioned in 
Chapter IV, paragraph 11 If, however, an approximation 
to tJie yield is to be obtamed by means of the formulas of 
paragraph 10 of the present chapter, the first step must 
clearly be to obtam a price as on a dividend due-date In 
practice, tibis is sometimes done by deductmg the accrued 
dividend from the quoted purchase price, such accrued 
dividend bemg a proportion of the dividend correspondmg to 
the period which has elapsed smce the last dividend due-date 
This modified price is then regarded as the eqmvalent purchase 
pnce immediately after payment of the next succeedmg 
dividend For instance, if the debenture in paragraph 12 
had been purchased when the unexpired period was 19 years 
7 months, five months’ dividend would have already accrued 


The amount of this accrued dividend would be ^-5 X 5 =2 083, 

xJi 


and this amount would be deducted from the present purchase 
price to give the price as on the next succeedmg dividend 
due-date The value of w to be used m the calculation of the 
jueld would then be 39 instead of 40, but the method of 
calculation itself would remam unchanged 
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The effect of estimating the price on the next dividend due- 
date by this method is that the amount of dividend which 
will accrue from the date of purchase up to the next dividend 
due-date is regarded as mterest on the actual purchase price. 
If the security stood at a premium on its redemption value, 
a part of this accrumg dividend would, m fact, be utilized to 
wnte down the capital value of the secimty on the next 
succeedmg dividend due-date On the other hand, if the 
security stood at a discount on its redemption value, the 
capital value of the security would be correspondmgly written 
up Thus, the estimated pnee of the security on the next 
dividend due-date is too great if the secunty stands at a 
premium, and too small if the security stands at a discount 
The tendency is, therefore, for the yield to be respectively 
under-stated, and over-stated 
To obtain the pnee, as at the next dividend due-date, which 
exactly corresponds to the true yield, it would be necessary to 
add to the present price mterest calculated from the date of 
purchase up to the next dividend due-date, and to deduct 
from the result the full amount of the next dividend The 
rate of mterest employed should be that actually yielded by 
the secunty, but an estimate would be sufficient for practical 
purposes iPor example, if the debenture m paragraph 12 
were purchased at 120 when it had an unexpired terra of 
19 years 8 months, the calculation of the etjmvalent pnee as 
on the next dividend-due date would be as follows — 

Given purchase price . 120 

Add 2 months’ mterest up to next divi- 
dend due-date, at trial rate of 4% per 
annum . . . . 8 

1201 

Deduct next dividend 25 

Equivalent pnee immediately after pay- 
ment of next dividend {when un- 
expned term is 19 years 6 months) 118 3, approx 
If required, the calculation of the yield could then be made 
by any of the methods already discussed m this chapter 

EXERCISE Vn 

In answenng these Questions the tables at the end of the book may 
be used 

1 A debenture of nommal value £100, bearing interest at the rate 
of 5% per annum, payable half-yearly, is redeemable at £106 at the 
end of 16 years Fmd the yield to a purchaser at a price of £98, 
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assuming that the first payment of mterest is due at the end of 6 
months 

2 A w inkin g fund assurance of £1,500 maturmg at the end of 25 
years from the date of assurance has been effected at an annual 
premium of £39 5s Od Fmd the rate of mterest which is yielded to 
the policy-holder 

3 A loan of £2,500 is bemg repaid by 30 equal yearly instalments 
of £158 2s 3d., mdudmg prmcipal and mterest What rate of mterest 
18 the mortgagor paymg ? 

4 A debenture of nominal value £100, besurmg mterest at the rate 
of 4% per annum, payable half-yearly, and redeemable at £102 at the 
end of 3 years, is purchased for £97 Fmd, without usmg compound 
mterest tables, the approximate effective yield from the mvestment 

5 A 6% corporation stock of nominal value £100, which is redeem- 
able m 25 years, and under which dividends are payable half-yearly, 
IS purchased at £108 The purchaser reqmres to set up a smkmg fimd 
to replace the premium on the redemption value, but can do so only at 
a rate of mterest of 4% per annum, convertible half-yearly. V^at 
rate of mterest would the purchaser derive from the mvestment m 
these circumstances ? 

6 A loan of £1,260 is bemg repaid by 20 equal half-yearly mstalments 
of £81 17s 6d , mdudmg prmcipd and mterest What rate of mterest 
is yielded to the mortgagee if he decides to set up a smkmg fund at a 
rate of mterest of 4% per annum, convertible half-yearly ? 

7 Fmd the effective yield &om the purchase of the foUowmg 
debenture at a price of £94 on the 16th May, 1924 — 

Nominal value £100 

Redemption value £103 

Date of redemption 31st December, 1934 

Bate of mterest payable 4% per annum, paymble half- 

yearly on 30th June and 
31st December 



CHAPTER VIII 

THE BFEBOT OF INCOME TAX 

1 In View of the very considerable bearing which taxation 
has upon all financial matters, the present chapter will be 
devoted to considermg the effect of mcome tax upon the 
various types of transaction which have already been dealt 
with In this connexion, although mcome tax will be 
specifically referred to, it must be understood that the 
followmg remarks would also apply as regards super-tax 
It IS, of course, no purpose of this textbook to eiipound in 
detail the circumstances m which liabihty for mcome tax 
arises and how such liabihty is assessed , a discussion of the 
incidence of the tax m a few representative cases is probably 
all that IS required for immediate purposes 
As a general rule, mcome tax is chargeable on mterest, 
dividends, rents, profits, gams, annuities, etc , of all descrip- 
tions If, therefore, a sum of money were deposited at a fixed 
rate of mterest, the depositor would be liable for income tax 
on each instalment of mterest received Also, if a person 
purchased an annuity-certam, he would be hable for mcome 
tax on the whole of each instalment of aimmty, irrespective 
of the fact that each of such mstalments consists partly of a 
return of capital An exception occurs, however, where the 
aimmty arises under a mortgage transaction where the debt 
IS repayable m mstalments which mclude prmcipal and 
mterest , m such a case mcome tax is chargeable only on so 
much of each mstalment as represents mterest Another 
important exception to the general rule stated above is that 
profits arismg from capital appreciation are not taxable 
If, therefore, a redeemable security were purchased at a 
discount on the redemption value, the only liability for 
income tax would be m respect of the periodic dividends, 
no mcome tax would be chargeable at maturity m respect of 
the difference between the purchase pnce and the redemption 
value, since this would be regarded as capital appreciation 
If the security were purchased at a premium on the redemption 
value, mcome tax would, however, still be payable on the 
full amount of the dividends, despite the fact that these 
consist, m some part, of return of capital 
2 A rate of mterest which is subject to deduction on 
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account of income tax is usually described as a gross rate, 
and one which is not subject to mcome tax (either because of 
exemption or because the habihty for tax has already been 
satisfied) is known as a net rate 

Where capital is mvested at a fixed gross rate of mterest 
payable m each year, the net rate actually receivable by the 
mvestor may be calculated by multiplymg the gross rate 
^7 (1 ~ Oj ■vrhere f represents the rate of mcome tax per umt 
of mterest, but this simple method of calculation apphes 
only where the capital repayable is identical with the sum 
mvested, or, alternatively, where the mterest is payable m 
perpetuity, as, for example, m the case of an irredeemable 
security Subject to these conditions, the gross rate corres- 
pondmg to a given net rate could be found by dividmg the 
latter by (1 - 1) If, for mstance, a sum were placed on deposit 
at a gross rate of mterest of 4% per annum, and mcome tax 
were at the rate of 4s 6d in the £ (i e at the rate of 225 per 
umt), the correspondmg net rate of mterest would be 
4(1 - 225) or 3 1% per annum Also, if a loan were bemg 
arranged on the basis of a net rate of mterest of 5% per 
annum, and the rate of mcome tax were 4s 6d m the £ as 
before, the transaction would be the same m effect as if the 
loan were granted at a gross rate of mterest of (5 — 775) 
or 6 452% per annum 

It IS most important to pomt out, however, that if there 
should be a difference between the prmcipal invested and the 
sum ultimately repayable (as m the case of a redeemable 
security bought at a price differmg from its redemption 
value) these simple relationships do not exist between the 
relative net and gross mterest yields This is because the 
habihty for mcome tax would be based, not on the gross 
yield itself, but on the mterest (or dividend) mcome actually 
receivable year by year 

Valuation of Annuities-Certain Allowing 
FOR Tax 

3 The valuation of annuities-certam with allowance for 
income tax will now be considered For this purpose an 
immediate annmty-certam of 1 per annum payable yearly 
for n years will be taken, and it will be assumed that mcome 
tax will be at the rate of t per umt throughout the term of the 
annmty 

Smce mcome tax would be chargeable upon the whole of 
each annuity payment, a purchaser would receive a net 
7— (1S53) 
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annual payment of (1 >- 1) from the annuity. The present 
value of the annuity at an effective rate of mterest of, say, 
t per umt per annum ■would therefore be (1-0 X 
calculated at rate i Now it is important to observe that 
the valuation rate of mterest is a net rate, smce it represents 
the rate which the purchaser would earn after all hability 
for mcome tax had been satisfied In the great majority of 
mstances, valuations are actually required at a net rate of 
mterest, which is, m fact, the real rate of mterest which is 
operative , from the point of view of the mvestor, the fact 
that mterest is apparently at a higher (gross) rate is of httle 
sigmficance, apart from the possibility of changes in future 
rates of mcome tax If there is a liability for mcome tax, 
but for special reasons an aimuity-certam is to be valued at 
a gross rate of mterest, the calculation should be made at 
the equivalent net rate of mterest 
In illustration of these remarks, an immediate annmty- 
certam of £50 per annum payable yearly for 25 years will be 
valued, first at a net rate of mterest of 4|% per annum, and 
afterwards at a gross rate of mterest of 6% per annum, 
assummg m each case that the rate of mcome tax chargeable 
IS 4s 6d m the £ The calculations are as follows — 

Gross annmty per annum . £60 0 0 

Less mcome tax at 4s 6d in the £ 115 0 


Net annuity per annum £38 15 0 

Present value of annuity at a net rate of interest of 4^% 
per annum = £38 75 x at 4|% — £38 75 X 14 8282 
= £574 593 = £574 11s lOd 

Present value of annuity at a gross rate of mterest of 5% 
per annum = £38 75 x at a mt rate of mterest of 
(1 - 226) X 5% per annum, i e at 3|% per annum 

= £38 75 X 15 8306 = £613 436 = £613 8s 9d 
In makmg valuations of immediate annuities-certam with 
allowance for mcome tax, the rule is, therefore, to value only 
the net amount of each annmty mstalment, and to employ 
a net valuation rate of mterest This rule applies m all cases, 
irrespective of the frequency either of the payment of the 
annmty mstalments or of the convertibility of the valuation rate 
of mterest , it also clearly applies as regards deferred annmties 
4 It has already been mentioned that where a loan is 
bemg hqmdated by means of an anumty-certam, mcome tax 
IS chargeable on so much only of each mstalment as represents 
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interest In such a case, therefore, the net rate of interest 
receivable by the lender could be directly calculated by 
multiplying the gross rate by (1 - 1), where t represents the 
rate of mcome tax per umt Changes m the rate of mcome 
tax would, of course, have the effect of varying the net rate 
of mterest receivable by the lender from tune to tune 
Advances of this kmd are always made at a gross rate of 
mterest, and the unpossibihty of forecastmg rates of mcome 
tax would prevent the arrangement of such a transaction on 
the basis of a uniform net rate of mterest 

Redeeiviable Sectjeities 

5 To allow for the effect of mcome tax m the valuation of 
a redeemable security, the valuation would be made by one 
of the methods discussed m Chapter IV, but the net dividends 
only would be valued mstead of the gross dividends if the 
rate of mcome tax were t per umt throughout the period of 
the mvestment, the appropriate allowance for mcome tax 
could easily be made by respectively substitutmg (i - 0 X jD 
for D, and (1 - i) x gr for g where these occur m the formulas 
of that chapter The valuation rate of mterest employed 
would be a net rate, as the liabihty for mcome tax would 
have already been fully allowed for m the formula 

The followmg practical illustration will suffice to make the 
position clear Suppose that it is desired to find the value 
as on 30th August, 1924, of a 5% debenture redeemable at 
102 on 31st December, 1948, half-yearly dividends bemg due 
on 30th June and 31st December m each year , the value to 
be calculated so as to yield a net rate of mterest of 4% per 
annum, convertible half-yearly, on the assumption that 
mcome tax will be chargeable throughout at the rate of 
4s 6d m the £ 

The value (to yield 4% per annum, convertible half-yearly) 
as on the previous mterest due-date (viz 30th June, 1924) 
would be 

102 X -f (1 - 225) x 2 5 X calculated at 2% 
= 102 X -f- 1 9375 x 
= 98 817. 

And the value after a further 2 months would be 

(1 + ^ X 04) X 98 817 

= 1 00667 X 98 817 
= 99 476 = £99 9s 6d approx. 
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6 As regards the caloulataon of yields from redeemable 
seounties, the effect of mcome tax would be allowed for on 
the same general prmciples as those which have already been 
mentioned If the method of interpolation were employed, 
the prelimmary valuations would be made, allowmg for the 
mcidence of mcome tax on the Imes of the last paragiaph , 
the resultmg yield would, of course, be net If either of the 
methods underl 3 nng the formulas of Chapter VII, paragraph 
10, were employed, it would be necessary to substitute the 
net dividend of (1 - /) X D for the gross dividend of D, or 
the net rate of dividend (l-t) X g for the gross rate of 
dividend gr, as the case might be, whilst the 5^ of the second 

formula would be calculated at a net rate of interest It will 
be evident that m each instance the resultmg yield would 
be net 

7. A practical pomt may here be mentioned It has been 
assumed m this chapter that the rate of mcome tax will 
remam unchanged throughout the duiation of each trans- 
action. It IS hardly probable that m practice the course of 
events would justify such an assumption If the future rates 
of mcome tax were exactly known, the net amounts of the 
future annmty mstalments, dividends, or other payments 
could be calculated, and their total present value could be 
ascertamed by dealmg separately with each A forecast of 
the rates of mcome tax might, it is true, be attempted, but 
the usual practice is to assume that the current rate of 
mcome tax will continue throughout the duiation of each 
transaction It would be well, however, m individual 
mstances, to ascertam the effect of assummg different uniform 
rates of mcome tax, as by this means general conclusions 
may often be formed as to what the relative effects of future 
mcome tax changes are likely to be upon different mvestments 

EXERCISE Vni 

In answering these Questions the tables at the end of the book may 
bo used 

N B — ^The rate of mcome tax is to be taken as 4s m the £ throughout 
each of the followmg transactions 

1 Pind the present value at an effective net rate of interest of 4% 
per annum of an immediate annuity-certam of £28 6s 8d (gross) per 
annum, payable half-yearly for 26 years 

2 Find the present value at a gross rate of interest of 6% per annum, 
payable half-yearly, of a deferred annuity-certam of £15 3s 8d (gross) 
per annum, payable quarterly for 14 years, the first payment being 
due 5^ years hence 
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3 A loan of £550 is to be repaid m 20 half-yearly instalments, 
mdudmg principal and mterest, and the lender requires to obtam a 
net rate of mterest of 4% per unnuTn payable half-yearly Fmd the 
amount of each half-yearly instalment 

4 A debenture of nommal value £100, bearmg mterest (gross) at 

the rate of 4J% per annum, payable half-yearly, and redeemable at 
103 at the end of 6 years is purchased for £98 (a) Fmd, without 

usmg compound mterest tables, the approximate effective net yield 
from the mvestment (b) Check the re^t by usmg compound mterest 
tables 

5 A redeemable security of nommal value £100, which is redeemable 
m 20 years at 104, and under which the gross dividends are at the 
rate of 6% per annum, payable half-yearly, is purchased for £110 
Fmd the nommal net yield, payable half-yearly, which would be 
derived by the purchaser, assummg that he sets up a sinking fund at 
a gross rate of mterest of 5% per annum, convertible half-yearly, to 
replace the premium on the redemption value 

6 A smlmg fund policy for £250, maturmg at the end of 10 years, 
has just been effected by annual premiums of £20 18s 9d At what 
gross rate of mterest would the policy-holder have to mvest these 
annual sums of £20 ISs 9d. and the mterest accumulations m order to 
obtam the same result as under the pohcy ? {Note — ^There is no 
liabihty for mcome tax m respect of the sum assured payable at the 
maturity of the sinking fund pohcy ) 

7 Find the effective net yield derivable from the purchase of the 
followmg debenture at a price of £97 on 28th October, 1924 — 

Nommal value £100 

Redemption value . £104 

Date of redemption . 3lBt January, 1930 

Gross rate of mterest payable 5J% per annum, payable half- 

yearly on 31st January and 
3lBt July 

Check the result by means of an approximate formula 
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CONSTBTTCTIOir AND PBOPEETIBS OP COMPOUND 
INTEBEST TABLES 

1 The values of (1 -j- tY, and a-^ are usually tabulated 
m compound mterest tables for all mtegral values of n up to 
50, or sometimes 100 Occasionally, however, a value of one 
of these functions is required for a value of n which is outside 
the range of the tables , this usually happens when the rate 
of mterest is a nommal one which is convertible at frequent 
intervals durmg the year For mstance, the amount of a 
umt of capital might be required at the end of 30 years, 
calculated at a nominal rate of mterest of 4% per annum, 
convertible quarterly, and the value of (1 01)^^® would m all 
probability be outside the range of the tables 

In cases such as this, the desired value could always be 
obtamed from the appropriate formula with the aid of 
logarithms, but if the value of the function is required at a 
rate of invest given m the tables, it is not necessary to 
resort to this means, as expedients are available whereby the 
tabulated values may themselves be utilized to provide results 

2 The amount of a umt of capital for a term of {x + y) 
years is (1 + 1 )* + and by the Laws of Indices, this is equal 
to (1 + X (1 + Correspondingly, the present value 
of a umt of capital due at the end of (x + y) years is 

+ V z= X 

These relationships provide a simple means of findmg the 
amount or present value of a umt of capital where the term 
IS beyond the range of the tables For example, suppose that 
it IS desired to find the value of (1 025)®® from the tables at 
the end of this book , the required value would be obtamed 
by subdividmg the 80 mtervals mto two periods, each withm 
the scope of ;6he tables, and by multiplymg together the 
correspondmg two values of (1 025)” Thus, 

(1 026)®"= (1 025)®" X (1 025)®" or (1 025)«"x (1 025)®", etc 
Similarly, the present value of a umt of capital due at the end 
of 60 mtervals would be given by t;®" X X etc 

Dugbammatic Explanation 

3 Although this portion of the subject may be dealt with 
exclusively from the mathematical pomt of view, it is usually 

9i 
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found helpful to explain it diagrammatically m the following 
manner 

Suppose that the value of a compound mterest function is 
desired m respect of a total period of {x + y) intervals, where 
both X and y are mdividually withm the range of the tables 
Let the hne AG represent the total period {x + y), AB 
representmg and BG representmg y 

A B G 


X y 

Pomt A thus represents the present time, pomt B represents 
the moment when the period of x expires, and pomt C 
represents the moment when the further period of y expires 

(a) To find the amount of a umt of capital at the md of 

+ y) intervals 

A unit of capital mvested at the present time (le at 
pomt A) will have accumulated to (1 + »)® by the end 
of the period a; (i e at pomt B) But each umt of capital 
then standmg mvested will accumulate to (1 + »)*' by the 
tune pomt G is reached So that smce there will be 
(1+4* of capital at pomt B, there will finally be 
(1 + 1)* X (1 + lY umts by the end of the total period of 

(» + y) 

Hence (1 + i)® + *' = (1 + t)* X (1 + lY 

(b) To find the piesent value of a unit of capital due at the 
end of (r + y) intervals 

Here the umt of capital is due at pomt G, and the “ present ” 
value at pomt B is therefore i^ Each mut of capital due at 
pomt B has a present value at pomt A of v^, and, smce there 
are v’^ umts of capital due at pomt B, their actual present 
value at pomt A is v^ X if. 

Hence if + y = if x 

(c) To find the present value of an immediate annuity-certain 
of 1 per interval payable for {x + y) intervals 

This annuity may be subdivided mto two annmties, one of 
which would be payable durmg the period AB, the other 
bemg payable durmg the period BG H, therefore, the 
present values of these two anmuties are ascertamed as at 
pomt A, and added together, the result will represent the 
desired present value of the ongmal annuity 
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Now the present value at point A of the first annuity is 
clearly and the “ present value ” at point B of the second 
annuity is 

It is now necessary to ascertam the present value of the 
second annuity at point A instead of at point B It has just 
been shown that tins annuity is equivalent to a capital sum 
of ct^ due at pomt B Smce each unit of capital due at pomt 

B has a present value at point A of the present value of 
the units of capital due at point B is therefore x 

which thus represents the present value at point A of the 
second annuity The present value of the original annuity 
IS, therefore, X 

Hence + v® X 

This formula is clearly correct, since ~ + Jl^ 

(d) To find the amount of an tmmediate annmty-certain of 

1 pel interval payable for (x -f- y) intervals 
As in case (c) above, the annuity may be subdivided mto 
two annuities, one bemg payable during the period AB, the 
other bemg payable during the period BG if, therefore, the 
amounts of each of these two annuities are ascertamed as at 
pomt C, and the results are added together, the desired 
amount of the origmal annuity will be obtained 
Now the amount of the second annmty at pomt C is clearly 
8^ and the amount as at point B of the first annuity is 

similarly 

It IS now necessary to ascertam the amount of the fiist 
annuity as at pomt C instead of as at pomt B It has just 
been shown that this annuity is eqmvalent to a capital sum 
of due at pomt B Smce each umt of capital due at 

pomt B will accumulate to (1 + by the time pomt G is 
reached, it follows that umts of capital due at pomt B 
will accumulate to (1 + t)*' X s-^ by the end of the origmal 
period of {x y) mtervals This amount of (1 + »)*' X 
thus represents the amount of the first annuity as at pomt G. 
The amount of the origmal annmty as at pomt C is therefore 
S7J+ (1 + X 

Hence = 5 ^ + (1 + i)v x Sjj 

4 If any of the functions on the nght-hand side of the 
above equations should also happen to be outside the range 
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of the tables, as would necessarily be the case if the total 
period {x + y) exceeded twice the longest term embraced by 
the tables, the same prmciples would have to be employed 
to evaluate the function in question 
For example, if the value of were required, but the 

maximum period covered by the tables were 100, the working 
would be as follows — 

“ ®ioo] + X ^iiol 

^ = ^lool + (1 + X ^lol 
T\Tience, substitutmg this value of m the former 
equation, 

*Hol = ®iool + (1 + ‘)"® X «!ool 

+ (1+0™ X (1 + tr X SJ5, 

Results identical with those given by this method would, 
of course, be seemed by subdividmg the origmal period mto 
three, or more, periods (each withm the range of the tables) 
and proceedmg on the lines of paiagraph 3 
5 If the desired value of any function should not be 
obtamable from compound mterest tables, because the rate 
of mterest itself is not embraced m the tables, there are three 
courses which may be taken The desired value may be 
calculated from the fundamental formula, or it may be calcu- 
lated approximately by mterpolatmg between the tabulated 
values of the function at adjacent rates of mterest, or, 
finally, if extensive use is hkely to be made of that particular 
rate of mterest, complete tables may be specially constructed 
It may be useful to give an example of the method of 
approximate calculation by mterpolation For this purpose, 
suppose that the value of k required at 3|% per annum, 
and that the only tables available are those given at the end 
of this book 

The calculation would be as follows — 

at 3^% = 35628 
at 4% = 30832 
Difference correspondmg to J%= 04796 
Whence difference correspondmg to f %= | X 04796 

= 03597 

Andv®° at 3|% == 35628*- 03597 
= 32031 
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This value is, of course, approximate only, the true value 
being *31965 

As a further example, suppose that the value of is 
required at an effective rate of interest of 3^% per annum 

If the nearest rates of mterest given m the tables were 3% 
and 3J%, the calculation would be as follows — 

S5o]at3% = 112 7969 
at 3p/o = 130 9979 
Difference correspondmg to i% — IS 2010 
And difference correspondmg to = i X 18 2010 

= 4 5502 

Whence at 3^% = 112 7969 + 4 5502 

= 117 3471 

The true value of at 3J% is 117 0555, and this example 

serves to show that, unless the difference between the adjacent 
values of the function is small, the approximate result obtained 
by the method is likely to be subject to an appreciable 
error The difference between the adjacent values emploj^ed 
should therefore bo kept as small as possible by usmg tables 
m which the successive rates of mterest differ by a small 
margin 

The Continued ]\Ietho.o 

6 If it should be necessary to construct tables of a 
compound interest function at any given rate of mterest, 
what is Imown as the “ contmued method ” would be 
employed, whereby the value of each function tabulated is 
calculated directly from the preceding value Thus, in 
calculatmg a table of (1 -{- 1 )”, the value of (1 + would 
be calculated from the value of (1 -{- t), the value of (1 + 0® 
would be calculated from the value of (1 + if, and so on 
until the tabic was complete This method obviously entails 
the use of a “ worlnng formula,” by means of which each 
value is in turn employed to give the next Before the 
“ working formula ” can be applied, however, there must be 
an “ initial value ” upon winch to operate, for the first value 
cannot be ascertained otherwise than by direct calculation. 
Fmally, there must be some convenient means of checking 
results, especially smee an error m any particular value would 
render all subsequent values inaccurate This risk of per- 
petuatmg errors is sometimes made a point of criticism, but 
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steps may be taken to minimize the defect by calculatmg m 
advance every tenth value of the function , an automatic 
check then arises m the course of the calculations as each 
tenth value is reached It should not be overlooked, hoirever, 
that it is an advantage of the method that if any value is 
proved correct (by mdependent calculation), it follows that 
all the precedmg values are also correct 

7 The significance of the f oregomg remarks will be the more 
readily appreciated i£ a short illustration is given of the 
practical workmg of the method For this purpose, the 
construction will be undertaken of a table of (1 + 1 )” at a 
rate of mterest of 6% for values of n from 1 to 20 It wiU 
be supposed that the results are required correct to four 
places of decimals, so that to ensure the desired degree of 
accuracy, it will be necessary to make the calculations m the 
first mstance to sis places of decimals In this case, the 
workmg formula would be (1 + (1 + ^)” X (1 + 1 ), 

which shows that, once the value of the function has been 
calculated for any particular duration, the value of the 
function corresponding to the next higher duration may be 
ascertamed by multiplymg by (1 + i) For mstance, if the 
value of (1 -}- at 6 % was 1 710339, the value of (1 + 
could be immediately obtained therefrom by multiplymg by 
1 05 In this way the value of (1 + would be found to 
be 1 795856 

The mitial value m this instance is clearly (1 + i), or 1 05 
Applying the wor king formula to this imtial value, the value 
of (1 + is given as (1 05) X (1 05) = 1 102500 The value 
of (1 -f ij^is then obtamedfrom 1 102500 x 1 05 — 1 157625, 
from which, m turn, the value of (1 + is found by multi- 
plymg by 1 05 and so on, until the table is completed In 
practice, the working would be set out m schedule form, as 
shown below, and as a safeguard agamst error, the values of 
(1 05)1“ ^ 05^20 Ije independently calculated by 

logarithms, and inserted m the schedule before the contmued 
method was commenced The successive multiphcations by 
1 05 would be performed very convemently on a calculatmg 
machme if one were available, m which case the schedule 
would consist of two columns only, headed respectively n 
and (1 -j- i)" In the absence of a calculatmg machme, the 
working formula might possibly be modified to (1 «)” ^ 

= (1 -f i)" -J- 1 X (1 -h »)", which shows that, instead of 
multiplymg the appropriate value of (1 + i)” by (1 + 1 ) to 
obtam (1 -}- 1 )” + 1 , the same result is to be obtamed by 
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adding a year’s interest to (1 + 
follows — 


The schedule is as 


n 

(1 + 

^X(l + i)" 

Col (1) 

Col (2) 

Col (3) 

1 

1 050000 

052500 

2 

1 102500 

065125 

3 

1 157625 

057881 

4 

1 215506 

060775 

5 

1 276281 

•063814 

6 

1 340095 

•067005 

7 

1 407100 

070365 

8 

1 477455 I 

073873 

9 

1 651328 

077566 

10 

1-628894 

081445 

11 

1 710339 

085517 

12 

1 796856 

089793 

13 

i 885649 

094282 

14 

1 979931 

•098997 

15 

2 078928 

103946 

16 

2 182874 

109144 

17 

2 292018 

114601 

18 

2 406619 

120331 

19 

2 526950 

126348 

20 

2 653298 



The schedule would be commenced by inserting m Col (2) 
the initial value of 1 06 as well as the two values of (1 06)^® 
and (1 05)2® which had already been calculated The first 
value m Col (3) would then be calculated by inultipl 3 ong the 
first value m Col (2) by 05, thus givmg 052500 The second 
value in Col (2) would then be obtamed by addmg this 
figure of -052600 to the previous value in Col {2), viz 1 -050000, 
thus givmg 1 102500, from which the next value m Col (3) 
would he obtamed by multiplying by 05, when the cycle of 
operations would recommence As soon as the value of 
(1 05)^® was reached, its value as thus ascertained would be 
compared with that already inserted in the schedule , if the 
two values agreed, the work would be contmued, but, 
otherwise, the error would he traced to its source before pro- 
ceedmg to the calculation of (1 05)^ and the subsequent values 
If, when the schedule was complete, the value of (1 05)2® 
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agreed TPith that ah’eady calculated, the whole of the previous 
values should be correct It is, however, advisable to place 
a further cheek upon the work, especially if a calculating 
machine has been used, as there would then be an appreciable 
risk that figures had been mcorrectly transcribed The check 
referred to consists of finding the total of the figures m 
column (2) and comparmg the result with that obtamed by 
employmg an algebraic method of summation 
Li the case of a column of (1 + 1 )", the total of any number 
of values could be obtamed by the use of the formula foi 
summing a geometric pi egression In the present mstance, 
the senes is (1 05), (1 05)^, etc , up to and mcludmg (1 05)2°, 

(1 05)““- 1 

the sum of which is (1 05) X pomted 

out that m the present case it is hardly necessary to regard 
the matter from the pomt of view of a geometne progression, 
smee the sum of all the given values of (1 05)“ is clearly 
eqmvalent to the amount of an annmty-certam of 1 per 
annum, payable yearly m advance for 20 years, calculated 
at an effective rate of mterest of 5% per annum 
The total of column (2) of the sched^e, as obtamed by actual 

n 05^20 _ 1 

addition, is 34 719246, and the value of (1 05) X , 


calculated with the aid of seven figure logaiithms, is 34 71926 
The slight discrepancy is prmcipally due to the last decimal 
place m the latter result bemg unrehable, owmg to the use 
of logarithms correct only to seven significant figures, whilst a 
further small error is probably mtroduced owmg to the sixth 
place of decimals m each of the values summed bemg approxi- 
mately correct only The check shows, however, that the 
calculations are correct to 4 places of decimals, and that is all 
that is required m the circumstances 
8 If it were desired to construct a table of r", the contmued 
method could be utilized, employmg an mitial value of «; m 
conjimction with a workmg formula i;" + ^ = x v 
This workmg formula is, however, not very convement to 
apply m practice, smee the contmued multiphcation by v is 
rather awkward, especially m the absence of a calculatmg 
machme Accordmgly, the device is adopted of startmg at 
the other end of the table, and workmg backwards through 
the vanous powers of v by multiplymg successively by (1 1 ) 

The imtial value would then correspond to the highest value 
of 71 which IS to be tabulated, and the workmg formula would 
be = ?;” X (1 + «) The mitial value of v" would of 
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course be calculated by logantbms As a safeguard against 
perpetuating errors, it would be well also to calculate by 
loganthms every tenth value of the function before com- 
mencing the construction of the table by the contmued 
method If the calculations had to be made without a 
machme, it would probably be easiest to adapt the worlong 
formula on the Imes referred to m the previous paragraph 
In such circumstances, the workmg formula would be 

= -y" -f I X u” 

1^1/ 

Smce the total of all the values from vfx)i/js or , 

the accuracy of the final figures could be checked by comparmg 
the result of this formula with the total of the figures them- 
selves The calculations should, of course, be performed 
throughout to two more decimal places than are required m 
the final results 

9 Once tables of and (1 -f- 1 )” have been constructed, it 
IS a simple matter to form tables of and by addition, 

because v -{■ -f + v", 
and = 1 -|-(1 -f- *) (1 ”1“ 

In passmg, it should be noted that does not consist of 
the sum of the first n values of the function (1 -f z)”, but of 
the sum of the first (w - 1) values of that function, mcreased 
byumty 

The labour of constructmg tables of and m this way 
may be minimized by employing the workmg formulas 

“Mrrt = “in + 

““<5 “J+il = + (1 + »)” 

For purposes of illustration, a few values of a--^ and 5--] 
will be found at 3%, assunung that the necessary values of 
and (1 -}- t)’* have been given 
For the table of a-^ the workmg would be — 


n 

yn 

®7ri 

Col (1) 

Col (2) 

Col (3) 

1 

97087 


2 

94260 

1 91347 

3 

91514 

2 82861 

4 

88849 

3 71710 

5 

86261 

4 57971 
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The first value of is simply v , the second value is found 
by addmg to the first value, the third value bemg found by 
addin g to the second value, and so on, in accordance Tvith 
the above workmg formula 


In the case of a table of the ■vrorkmg would be — 


n 

(1 + 


Col (1) 

Col (2) 

Col (3) 

1 

1 03000 

1 00000 

2 

1 06090 

2 03000 

3 

1 09273 

3 09090 

4 

1 12551 

4 18363 

5 

— 

5 30914 


The first value of is umty , the second value is found by 
addmg (1 + 1 ) to the first value, the third bemg found by 
adding (1 + x)^ to the second value, and so on, m accordance 
with the above workmg formula 
The values of and as obtamed above would not be 
rehable beyond four places of decimals 
The check formula for the sum of the first t values of 
1 

IS - (f - ojj) m the apphcation of which the value of aj^ would 

be mdependently calculated This check formula is derived 
as follows — 

The sum of the first t values of a-j^ 

~ “n + ®T1 + «3l + + “m + “71 

— , 1 — ^ , 1-x/ 

~ 1 t ~x r • + j I 

= ^ X 1 - (v + + z?® + + + ^) I 

The check formula for the sum of the first t values of 

m the apphcation of which the value 
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of would be independently calculated This check 
formula is derived as follows — 

The sum of the first t values of 5-i ^ 

~ ®T1 + ®2l + ®‘3l + • + + ^71 


- ^ + ; .+ ^ + ... 


+ 


(H-t)'-l 


= ; I (1 + ») + (1 + *)®+ (1 +«)H . + (1 +»)“ 

+ (1 +»)<-< X i[ 


10 If it IS desired to construct a table of a--] without first 
compilmg a table of (1 -}- «)”, the work may be convemently 
performed by the contmued method, as the following simple 
relationship exists between Sj-j and 5jqrrj» viz 5;^] 
= (1 1 ) 5-1 + 1 This relationship may be proved 

algebraically, but from general reasomng it is clear that the 
amount of an annuity-certam of 1 per annum, payable yearly 
for (n 4- 1) years, is equivalent to the amount of an annuity- 
certam of 1 per annum, payable yearly for n years, accum- 
ulated foi a further year, and mcreased by the final payment 
of unity due at the end of (to -f 1) years 
To construct the tables, the followmg would therefore be 
used — 

Imtial value • Syi = 1 

Worlong formula ^s+Tl = (f + ^) ^71 + ^ 

Check formula (for sum of first f values) • ^ 1 5 -(^ + 1 ) | » 

as m the previous paragraph 

In practice, the work would be set out in schedule form, as 
m the case of the follovong illustration, where the first five 
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values of s— i are calculated at an effective rate of interest of 

n 1 

4% per annum 


n 

5“^ 

n| 

* 

Col (1) 

Col (2) 

Col (3) 

1 

1 OOOOO 


2 

2 04000 


3 

3 12160 

12486 

4 

4 24646 

16986 

5 

5 41632 

— 

Total 

15 82438 



The method of working is to insert unity in column (2) as 
the first value of , then 

fij] = fijl + ^ 5^ + 1 
= 1 00000 + 04000 + 1 
= 2 04000 

and 5^ = St] + » ®T1 + ^ 

= 2^04000 + 08160 + 1 
= 3 12160, 

and so on 

The check formula for these five values would be 



1 

04 




the result of which would be found with the aid of seven-fi^re 
logarithms to be 15 8244, thus proving the correctness of the 
tabulated values of 5-;^^ 

In practice, every tenth value of 5^ would be mdependently 
calculated by means of logarithms and mserted m the schedule 
before the contmued method was begun Also, the vork 
would be performed to two more decimal places than it was 
desired to retam in the final results . « j. 

11 n It is desired to construct a table of without iirst 

compihng a table of v”, the contmued method would be 
and, as m the case of u", the imtial value would be that 
correspondmg to the highest value of n to be tabulated 

In this case, the initial value (to be calculated by logarithms) 
would be 1 _ (1 ^ 

= I * 


8 -( 1853 ) 
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the workmg formula would be = (1 + *) X ^ 
the check formula for findmg the sum of the first t values of 

from ayj to oj^ inclusive would be “ ~ olj])> 3'S in 
paragraph 9. 

The workmg formula may be mterpreted as showmg that, 
if the present value of an w-year annmty*certam of 1 per 
annum be accumulated for 1 year and the payment then due 
be deducted, the result will be the value as at the end of the 
year of the remaimng {n-l) payments 

Aft an illustration of the actual method of construction, a 
few values of a-^ will be calculated at a rate of mterest of 
H% annum, commencing with the value where » = 60 
By Joganthms the imtial value agg-j is 23 4566. 

The follmvmg schedule shows the workmg — 


n 

®nl 

^•«nl 

Col (1) 

Col (2) 

Col (3) 

50 

234666 

•8209 

49 

23 2766 

•8147 

48 

23 0912 

•8082 

47 

22 8994 

8015 

46 

22 7009 




It would not be possible to apply the check formula givim 
above until the whole of column (2) had been completed 
It may be added, however, that, if necessary, suitable check 
formulas applicable to a section of any of the tables of 
(1 _j_ 5 ^, or could be easily devised on the same 

Imes as the check formulas which have already been considered 
For example, m the present mstance, the sum of the 5 
tabulated values would be represented by — 

= «46l + «47l + “rsl + «49l + «50l 

1_^7 _ J_^3 _ ^ l-i;S0 

_ 1 I 5 - (-j;4C -j- ^ ^8 ^ ^9 _|. 2,50^1 

«=t| 

1 
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12 1£ a calculating machine is not available, and the rate 
of mterest is such that contmued multiphcation by (1 + 1) 
would be unduly labonous, tables of (1 + i)" and would be 
constructed with the aid of loganthms 
In the case of a table of (1 + »)", the imtial value would 
be log (1 + 1 ), and smce log (1 + = 2 log (1 + 1 ), log (l+i)® 

= 3 log (1 + »), etc the workmg formula would be 

log (1 + 1 = log (1 + lY -1- log (1 + i) 


In applymg the method, every tenth value of the function 
log (1 + i)" should be calculated m advance, and mserted m 
the schedule The accuracy of the logarithmic portion of the 
work could be checked by agreemg the sum of the first t 
values of log (1 + with the result of the algebraic formula 

X log (1 + 0 


Once the column of log (1 + i)” had been constructed and 
checked, it would be necessary to find the correspondmg 
antilogarithms It is here that the method is somewhat 
vulnerable, as errors are very apt to occur, and it is essential 
to check each conversion from logarithms to antilogarithms 
separately This could be done either by havmg this portion 
of the work done mdependently by another operator, or by 
re-convertmg the antiloganthms mto logarithms and subse- 
quently comparing the resultmg loganthms with those 
ongmally found by the contmued method After the final 
antiloganthms had been checked, the usual summation 
check would be apphed to the resultmg values of (1 -{- %Y 
The construction of a table of v” by means of loganthms 
would proceed on similar hnes, except that the mitial value 
would correspond to the highest value of » to be tabulated , 
the working formula would be 

log = log V” -f log (1 -f i) 

and the column of log u” would thus be completed by contmued 
addition of log (1 + i) The total of the first t values of 
log from log v to log v* mclusive could be checked from the 
algebraic formula 


m + 1 ) 
2 


X log V, or X log (1 -f i ). 


The antiloganthms of the column log would be checked 
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on the same Imes as those referred to above, and the final 
summation check on the values of v" would he as described 
m paragraph 8 

In constructmg tables of (1 + and w” by means of 
logarithms, seven-figure loganthm tables cannot be relied 
upon to provide results correct to more than five sigmficant 
figures , this is so because any slight error in the last decimal 
place of log (1 -}- z) is successively mcreased as the value of n 
IS mcreased For this reason, the logarithms of (1 -f z) have 
been calculated up to as many as 15 places of decimals for all 
the more usual values of z which arise m practice A table 
of the values of log (1 + z) is given m the Introduction to 
Chambers’ Tables, calculated to 10 places of decimals for 
rates of mterest varymg from to 6% per annum by 
quarter per cent mtervals 

EXERCISE IX 

1. Use the tables at the end of the book to find the values of 
v70, ogg^, (1 + 2)83 and at an effective rate of interest of 31% per 

annum 

2 By means of the tables at the end of the book, fiend, approximately, 
the value at an effective rate of mterest of 4 7% per annum of (a) 
and (6) sjj'j 

3 (o) Construct, correct to 4 places of decunals, tables of and 

correqiondmg to an effective rate of mterest of 3J% per annum, for 
values of n from 1 to 6 mclusive 

(6) Devise formulas for checkmg the results by summation ^ 

4 Construct, correct to 4 places of decimals, tables of v” and (1 + i)” 

correspondmg to an effective rate of mterest of 2 4% per annum for 
values of n from 1 to 5 mclusive ^ 

5 Obtam formulas for findmg the sum of 16 values of v” (1 + t) , 
a-^ and respectively, correspondmg to values of n from 26 to 40 

mclusive 



MISCELLANEOUS EXERCISES 

(Taken from Chartered Insurance Institute 
Exammation Papers) 

In' answering the following Questions compound mterest tables must 
not be used 

1 Given tables of at 2%, 3%, and 4% for all values of n from 
1 to 40, show how to find the amount at the end of 30 years, at a 
nominal rate of mterest of 4%, convertible half-yearly, of a life 
assurance premium paid half-yearly for 30 years 

2 A loan of £100 at 5% interest is to be repaid m 4 years by equal 
annual payments containmg principal and mterest Calculate the 
annual payment and construct a schedule of (o) capital contamed m 
each payment, and (6) interest contamed m each payment Given 
v* at o% = 8227 (The calculation should be limited to three places 
of decimals only ) 

3 Given that, at 3J% mterest, the value of an annmty of 1 per 
annum, payable at the begmnmg of each year for 12 3 ’’ears, is 10 00, 
find the sum which, paid annually at the end of each year will 
accumulate to 1 m 12 years 

4 Given a^,-j at 6% mterest = 11 47, find the price which must be 
given for a debenture of £100, due at par at the end of 20 years, and 
bearmg mterest at the rate of 4% paj’-able yearly, m order that the 
purchaser may reahze 6% on his mvestment Assume that the first 
payment of mterest is due at the end of one year 

d A bond for £100, redeemable at par at the end of two years, and 
bearmg mterest at the rate of 4% per annum, payable half-yearly, is 
bought for £95 What is the gross rate of mterest realized by the 
mvestor ? Prove your answer 

6 A loan of £855 10s Od is to be discharged m 20 years by an 
anninty wluch gives the lender 5% per annum on the amount of the 
loan for the whole 20 years, and enables him to replace the amount of 
the loan bj' a sinkmg fund accumulated at 4% per annum The 
amount of 1 at 4% per anm im for 20 years = 2 19112 "What is the 
amount of the aimmty required to fulfil the above conditions » 

7 WTiat would be the purchase pnce of a perpetual ground rent of 
£152 per annum if the mvestment is made m order to provide mterest 
at 5% per anTuim ’ 

8 What yearly payment at the end of each one of the next 5 years 
IS equiv'alent to £202 lls 4d. pa^^able now ^ Interest to be reckoned 
at 4% per annum 

9 I^nd the present value at a rate of mterest of 3% per annum of a 
yearly annuity-certam of £30 per annum payable for 20 years, and 
deferred 10 years Given vl® at 3% = 74409 

10 It IS proposed to grant a loan of £250 at 6% per annum, to be 
repaid by three equal anrinRl payments, mduding pnncipal and 
mterest Calculate the amount of the annual payment, and construct 
a schedule showmg the division of each payment mto prmcipal and 
mterest (Results to nearest penny ) at 0% = 2 67301 
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11 Assuming compound interest tables to be available, how would 
you ascertam the price which an mvestor could give, as on 1st April, 
1924, for the followmg security in order to obtain a yield of 4}% per 
annum convertible half-yearly ? — 

£100 National War Bond, bearmg mterest at the rate of 5% per 
annum, payable half-yearly on 1st April and 1st October, and 
redeemable on 1st April, 1928, at £105 

Ascertam from first prmciples the effective rate of mterest which 
would be yielded by the security (Ignore mcome tax throughout ) 

12 A smkmg fund policy securmg £1,000 at the end of 20 years has 
been granted at an annual premium of £35 12s 7d Ascertain approxi- 
mately the rate of interest mvolved, given at 3% = 28 676 and 

Sgi] at 3i% = 29 460. 



APPENDIX 


(a) To show that if a redeemable security is purchased at a prenuum 
or at a discount on its redemption value, the periodic sinkiTig fund 
instalments will be sufScient to replace the difference between the 
purchase pnce and the redemption value 
Employing the general case described m paragraph 4 of Chapter IV, 
the present value of the security at an effective rate of mterest of » 
per unit per annum 

{ 2 >) 

= Ji («" + g X 


/ Jiv) J 


P I 


3lv) 

Now, the mterest for -th of a year on a unit of capital 
P 

= (l + t)p-i='?M. 

P 

Therefore, the mterest for — th of a year on the ongmal purchase 
price of the security 

+ 

3{ji) ) 

p P P 

Rg Rv^ , , 

And the dividend for -th of a year = so that the balance of each 
P 1 ^ 

dividend, after deduotmg mterest for^th of a year on the purchase price 
Rv” , , 

If this last amount were set aside each mterval as a sinkmg fund, 
the accumulations by the end of n years would amount to 
« (P) 

(ff-J(p) )»-m 

_ , , (P) „ (P) (P) 


„( {p) (P) ) 

= 12jgxa^-^,,, 

= B|g X 


smce o-n = 


CP) 1-c” 


Hp) 


in 


= i2{«"+ ga^)-i2 


111 



112 


COMPOUND INTEEBST 


winch represents the difference between the redemption value and the 
origmal purchase pnce 

Further, the amount of the smkmg fund accumulations by the end 
of m years {m being less than n) would be 

Iff -no) 

■on -nn tPJ 

= Rvn-m g - Ev^ | (1 + ») « - I | 

= i?? (a-] - 0^1 - ifiv t-in - ii!c«) 

(p) (p) 

= {Ev^ + Eg <^)- {Epn-m + Eg 

The smkmg fund accumulations at the end of m years thus represent 
the difference between the value accordmg to a re-valuation at the 
origmal rate of interest and the ongmal purchase price 
The above demonstrations hold good irrespective of whether the 
security was purchased at a premium or at a discount, and whether, 
therefore, the smkmg fund is a true one or a negative one 

(6) To show that the values of accordmg to the retrospective 

and prospective methods are identical if the rate of interest employed 
throughout the calculations is the same as that at which the premiums 
were calculated 


“iTtl 


1 


since a-,^ = (1 + ^) and - (TH)^ 

1 - yfl-t 


— yn-t „ , 

(1 + 1 )" - 1 

(1 + i)" X vn-t - vn-t - 1 + 

“ (1 +»)«-! 

(1 + - 1 

“ (1 + t)” - 1 

^ !!IL 

(1 + ^] STl 

— — — U on multiplymg numerator and denommator by 


(1 + ») Vi 


(1+ i) 


= -p^n (*mi - 1> (TT^ “ 

and (1 + = apipT] - 1. 
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1 per cent 


n 

(1 + *)” 


6nl 

“in 

n 

1 

1 01000 

99010 

1 0000 

9901 

1 

2 

1 02010 

98030 

2 0100 

1 9704 

2 

3 

1 03030 

97059 

3 0301 

2 9410 

3 

i 

1 04060 

96098 

4 0604 

3 9020 

4 

6 

1 OSlOl 

96147 

61010 

4 8534 

6 

6 

1 06162 

94206 

6 1620 

6 7965 

6 

7 

1 07214 

93272 

7 2136 

6 7282 

7 

8 

1 08286 

92348 

8 2857 

7 6617 

8 

9 

1 09369 

91434 

9 3686 

8 6660 

9 

10 

1 10462 

90529 

10 4622 

9 4713 

10 

11 

1 11667 

89632 

11 5668 

10 3676 

11 

12 

1 12683 

88746 

12 6826 

11 2561 

12 

13 

1 13809 

87866 

13 8093 

12 1337 

13 

14 

1 14947 

86996 

14 9474 

13 0037 

14 

15 

M6097 

86136 

16 0969 

13 8661 

15 

16 

1 17258 

85282 

17 2679 

14 7179 

16 

17 

1 184J0 

84438 

18 4304 

16 5623 

17 

18 

1 19616 

83602 

19 6147 

16 3083 

18 

19 


82774 

20 8109 

17 2260 

19 

20 

1 22019 

81064 

22 0190 

18 0456 

20 

21 

1 23239 

81143 

23 2392 

18 8570 

21 

22 

1 24472 

80340 

24 4716 

19 6604 

22 

23 

1 26716 

79544 

25 7163 

20 4558 

23 

24 


78757 

26 9736 

21 2434 

24 

26 

1 28243 

77977 

28 2432 

22 0232 

2B 

26 

1 29626 

77206 

29 5256 

22 7962 

26 

27 


76440 

30 8209 

23 5596 

27 

28 


76684 

32 1291 

24 3164 

28 

29 


74934 

33 4504 

25 0668 

20 

30 

1 34786 

74192 

34 7849 

26 8077 

30 

31 

1 36133 

73458 

38 1327 

26 5423 

31 

32 

1 37494 

72730 

37 4941 

27 2696 

32 

33 

1 38869 

72010 

38 8690 

27 9897 

33 

34 

1 4026S 

71297 

40 2577 

28 7027 

34 

36 

141660 

70591 

41 6603 

29 4086 

35 

36 

1 43077 

60892 

43 0769 

30 1076 

36 

37 

1 44508 

69200 

44 5076 

30 7996 

37 

38 

1 45963 

68515 

46 9527 

31 4847 

38 

39 

1 47412 

67837 

47 4128 

32 1630 

39 

40 

1 48886 

67166 

48 8864 

32 8347 

40 

41 

1 60376 

66500 

SO 3752 

33 4997 

41 

42 

1 51879 

65842 

51 8790 

34 1581 

42 

43 

1 63398 

66190 

53 3978 

34 8100 


44 

1 54932 

64546 

54 9318 

35 4655 

44 

45 

1 56481 

63906 

56 4811 

36 0946 

45 

46 

1 68046 

63273 

68 0459 

36 7272 

46 

47 

1 59626 

62646 

69 6263 

37 8637 

47 

48 

1 61223 

62026 

61 2226 

37 9740 

48 

49 

1 62835 

61412 

62 8348 

38 5881 

49 

60 

1 64463 

60804 

64 4632 

39 1061 

60 
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per cent 


n 

(1 + t)" 




n 

1 

1 01500 

98522 

10000 

1 

9852 1 

1 

2 

1 03023 

97066 

2 0150 

1 9559 

2 

3 

1 04568 

95632 

3 0452 

2 9122 

3 

4 

1 06136 

94218 

4 0909 

3 8544 

4 

5 

1 07728 

92826 

51523 

4 7826 

5 

6 

1 09344 

91454 

6 2296 

5 6972 

6 

7 

1 10984 

90103 

7 3230 

6 5982 

7 

8 

1 12649 

88771 

8 4328 

7 4859 

8 

9 

1 14339 

87459 

9 5593 

8 3605 

9 

10 

1 16054 

86167 

10 7027 

9 2222 

10 

11 

1 17795 

84893 

11 8633 

10 0711 

11 

12 

1 19562 

83639 

13 0412 

10 9075 

12 

13 

1 21355 

82403 

14 2368 

11 7315 

13 

14 

1 23176 

81185 

15 4504 

12 5434 

14 

15 

1 25023 

79985 

16 6821 

13 3432 

15 

16 

, 1 26899 

78803 

17 9324 

14 1313 

16 

17 

1 28802 

77639 

19 2014 

14 9076 

17 

IS 

1 30734 

76491 

20 4894 

15 6726 

18 

19 

1 32695 

75361 

21 7967 

16 4262 

19 

20 

1 34686 

74247 

23 1237 

17 1686 

20 

21 

1 36706 

73150 

24 4705 

17 9001 

21 

22 

1 38756 

72069 

! 25 8376 

18 6208 

22 

23 

1 40838 

71004 

27 2251 

19 3309 

23 

24 

1 42950 

69954 

28 6335 

20 0304 

24 

26 

1 45095 

68921 

30 0630 

20 7196 

23 

26 

1 47271 

67902 

31 5140 

21 3986 

26 

27 

1 49480 

66899 

32 9867 

22 0676 

27 

28 

1 51722 

65910 

34 4815 

22 7267 

28 

20 

1 53998 

64936 

35 9987 

23 3761 

29 

30 

1 56308 

63976 

37 5387 

24 0158 

30 

31 

1 58653 

63031 

39 1018 

24 6461 

1 31 

32 

1 61032 

62099 

40 6883 

25 2671 

' 32 

33 

1 63448 

61182 

42 2986 

25 8700 

33 

34 

1 65900 

60277 

43 9331 

26 4817 

34 

36 

1 68388 

59387 

45 5921 

27 0756 

35 

36 

1 70914 

58509 

47 2760 

27 6607 

36 

37 

1 73478 

57644 

48 9851 

28 2371 

37 

38 

1 76080 

56792 

50 7199 

28 8051 

38 

39 

1 78721 

55953 

52 4807 

29 3646 

39 

40 

1 81402 

55126 

54 2679 

29 9158 

40 

41 

1 84123 

54312 

56 0819 

30 4590 

41 

42 

1 86885 

53509 

67 9231 

30 9941 

42 

43 

1 89688 

52718 

59 7920 

31 5212 

43 

44 

1 92533 

51939 

61 6889 

32 0406 

44 

45 

1 95421 

51171 

63 6142 

32 5523 

45 

46 

1 98353 

50415 

65 5684 

33 0565 

46 

47 

2 01328 

49670 

67 5519 

33 6532 

47 

48 

2 04348 

48936 

69 5652 

34 0420 

48 

49 

2 07413 

48213 

71 6087 

34 5247 

49 

50 

2 10524 

47500 

73 6828 

34 9997 

50 
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COMPOUND INTEEBST 


2 per cent 


n 

(1 + 


57n 


n 

1 

1 02000 

98039 

10000 

9804 

1 

2 

1 04040 

96117 

2 0200 

1 9416 

2 

3 

1 06121 

94232 

3 0604 

2 8839 

3 

4 

1 08243 

92386 

4 1216 

3 8077 

4 

5 

1 10408 

90573 

5 2040 

4 7135 

6 

6 

1 12616 

88797 

6 3081 

5 6014 

6 

7 

1 14869 

87056 

7 4343 

6 4720 

7 

8 

1 17166 

86349 

8 5830 

7 3265 

8 

9 

1 19509 

83676 

9 7546 

8 1622 

9 

10 

1 21899 

82035 

10 9497 

8 9826 

10 

11 

1 24337 

80426 

12 1687 

9 7868 

11 

12 

1 26824 

78849 

13 4121 

10 5753 

12 

13 

1 29361 

77303 

14 6803 

11 3484 

13 

14 

1 31948 

76788 

16 9739 

12 1062 

14 

IS 

1 34587 

74301 

17 2934 

12 8493 

15 

16 

1 37279 

72845 

18 6393 

13 6777 

16 

17 

1 40024 

71416 

20 0121 

14 2910 

17 

18 

1 42826 

70016 

21 4123 

14 0920 

18 

19 

1 45681 

68643 

22 8406 

16 6786 

19 

20 

1 48595 

67297 

24 2974 

16 3514 

20 

21 

1 61667 

66978 

26 7833 

17 0112 

21 

22 

1 64598 

64684 

27 2990 

17 6680 

22 

23 

1 57690 

63416 

28 8450 

18 2922 

23 

24 

1 60844 

62172 

30 4219 

18 9139 

24 

26 

1 64061 

60963 

32 0303 

19 5235 

25 

26 

1 67342 

69768 

33 6709 

20 1210 

26 

27 

1 70689 

58586 

35 3443 

20 7069 

27 

28 

1 74102 

67437 

37 0512 

21 2813 

28 

29 

1 77584 

56311 

38 7922 

21 8444 

29 

30 

1 81136 

65207 

40 6681 

22 3966 

30 

31 

1 84759 

64125 

42 3794 

22 9377 

31 

32 

1 88464 

63063 

44 2270 

23 4683 

32 

33 

1 92223 1 

52023 

461116 

23 9886 

33 

34 

1 96068 

51003 

48 0338 

24 4986 

3^ 

35 

1 99989 

50003 

49 9945 

24 9986 

35 

36 

2 03989 

49022 

61 9944 

25 4888 

3b 

37 

2 08068 

48061 

54 0343 

25 9695 

37 

38 

2 12230 

47119 

56 1149 

26 4406 

38 

39 

2 16474 

46195 

58 2372 

26 9026 

39 

40 

2 20804 

46289 

60 4020 

27 3555 

40 

41 

2 26220 

44401 

62 6100 

27 7995 

41 

42 

2 29724 

43530 

64 8622 

28 2318 

42 

43 

2 34319 

42677 

67 1695 

28 6616 

43 

44 

2 39005 

41840 

69 6027 

29 0800 

44 

45 

2 43785 

41020 

71 8927 

29 4902 

45 

46 

2 48661 

40215 

74 3306 

29 8923 

46 

47 

2 53634 

39427 

76 8172 

30 2866 

47 

48 

2 68707 

38664 

79 3535 

30 6731 

48 

49 

2 63881 

37896 

81 9406 

31 0521 

49 

50 

2 69169 

37163 

84 6794 

1 

31 4236 

50 









COMPOTJin) INTEEEST TABLES 
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2 } per cent 


n 

(1 + »)" 


i 

3T1 

“in 

n 

1 

1 02500 

97561 

10000 

9756 

1 

2 

1 05063 

95181 

2 0250 

1 9274 

2 

3 

1 07689 

92860 

3 0756 

2 8560 

3 

4 

1 10381 

90595 

41525 

3 7620 

4 

6 

1 13141 

88385 

5 2563 

4 6458 

6 

6 

1 15969 

86230 

6 3877 

5 5081 

6 

7 

1 1S869 

84127 

7 5474 

6 3494 

7 

8 

1 21840 

82075 

8 7361 

7 1701 

8 

9 

1 24886 

80073 

9 9545 

7 9709 

9 

10 

1 28008 

78120 

11 2034 

8 7521 

10 

11 

1 31209 

76214 

12 4835 

9 5142 

11 

12 

1 34489 

74356 

13 7956 

10 2578 

12 

13 

1 37851 

72542 

15 1404 

10 9832 

13 

14 

1 41297 

70773 

16 5190 

11 6909 

14 

15 

1 44830 

69047 

17 9319 

12 3814 

15 

16 

1 48451 

67363 

19 3802 

13 0550 

16 

17 

1 52162 

65720 

20 8647 

13 7122 

17 

18 

1 55966 

64117 

22 3863 

14 3534 

18 

19 

1 59865 

62533 

23 9460 

14 9789 

19 

20 

1 63S62 

61027 

25 5447 

15 5892 

20 

21 

1 67958 

59539 

27 1833 

16 1845 

21 

22 

1 72157 

58086 

28 8629 

16 7654 

22 

23 

1 76461 

56070 

30 5844 

17 3321 

23 

24 

1 80S73 

55288 

32 3190 

17 8850 

24 

25 

1 85394 

53939 

34 1578 

IS 4244 

25 

26 

1 90029 

52623 

36 0117 

18 9506 

26 

27 

1 94780 

51340 

37 9120 

19 4640 

27 

28 

1 99650 

50088 

39 8598 

19 9649 

28 

29 

2 04641 

48866 

41 8563 

20 4535 

29 

30 

2 09757 

47674 

43 9027 

20 9303 

30 


2 15001 

46511 

46 0003 

21 3954 

31 

32 

2 20376 

45377 

48 1503 

21 8492 

32 

33 

2 25885 

44270 

50 3540 

22 2919 

33 

34 

2 31532 

43191 

52 6129 

22 7£38 

34 

35 

2 37321 

42137 

54 9282 

23 1452 

35 

36 

2 43254 

41109 

57 3014 

23 5363 

36 

37 

2 49335 

40107 

59 7339 

23 9573 

37 

38 

2 55568 

39128 

82 2 273 

24 3486 

38 

39 

2 61957 

38174 

64 7830 

24 7303 

39 

40 

2 68506 

37243 

67 4026 

25 1028 

40 

41 

2 75219 

36335 

70 0876 

25 4661 

41 

42 

2 82100 

35448 

72 8398 

25 8206 

42 

43 

2 89152 

34384 

75 6608 

26 1664 

43 

44 

2 96381 

33740 

78 5523 

26 5038 

44 

45 

3 03790 

32917 

81 5161 

26 8330 

45 

46 

3 11385 

32115 

84 5540 

27 1542 

46 

47 

3 19170 

31331 

87 6679 

27 4675 

47 

48 

3 27149 

30567 

90 8596 

27 7732 

48 

49 

3 35328 

29822 

94 1311 

28 0714 

49 

50 

3 43711 

29094 

97 4843 

28 3623 

50 










118 


COMPOUND INTEBEST 


3 per cent 


n 

(1 + »)” 


Sin 

“¥] 

n 

1 

1 03000 

97087 

1 0000 

9709 

1 

2 

1 06090 

94260 

2 0300 

1 9136 

2 

3 

1 09273 

91614 

3 0909 

2 8286 

3 

4 

1 12551 

88849 

41836 

3 7171 

4 

B 

1 15927 

86261 

6 3091 

4 6797 

6 

6 

1 19405 

83748 

6 4684 

6 4172 

6 

7 

1 22987 

81309 

7 6626 

6 2303 

7 

8 

1 28677 

78941 

8 8923 

7 0197 

8 

9 

1 30477 

76642 

10 1691 

7 7861 

9 

10 

1 34392 

74409 

11 4639 

8 5302 

10 

11 

1 38423 

72242 

12 8078 

9 2526 

11 

12 

1 42576 

70138 

14 1920 

9 9540 

12 

13 

1 46853 

68096 

16 6178 

10 6350 

13 

14 

1 51259 

66112 

17 0863 

11 2901 

14 

15 

1 55797 

64186 

18 5989 

11 9379 

16 

16 

1 60471 

62317 

20 1669 

12 5611 

16 

17 

1 66285 

60602 

21 7616 

13 1661 

17 

18 

1 70243 

68739 

23 4144 

13 7636 

18 

19 

1 76361 

67029 

25 1169 

14 3238 

19 

20 

1 80611 

66368 

26 8704 

14 8776 

20 

21 

1 86029 

53756 

28 6766 

16 4160 

21 

22 

1 91610 

62189 

30 5368 

16 9369 

22 

23 

1 97369 

60669 

32 4629 

16 4436 

23 

24 

2 03279 

49193 

34 4266 

16 9355 

24 

25 

2 09378 

47761 

36 4593 

17 4131 

26 

26 

2 15669 

46369 

38 6630 

17 8768 

26 

27 

2 22129 

45019 

40 7096 

18 3270 

27 

28 

2 28793 

43708 

42 9309 

18 7641 

28 

29 

2 35657 

42435 

46 2189 

19 1886 

29 

30 

2 42726 

41199 

47 6764 

19 6004 

30 

31 

2 50008 

39999 

50 0027 

20 0004 

31 

32 

2 57508 

33834 

52 6028 

20 3888 

32 

33 

2 65234 

37703 

66 0778 

20 7668 

33 

34 

2 73191 

36604 

67 7302 

21 1318 

34 

35 

2 81386 

36638 

60 4621 

21 4872 

35 

36 

2 89828 

34503 

63 2759 

21 8323 

36 

37 

2 98523 

33498 

66 1742 

22 1672 

37 

38 

3 07478 

32523 

69 1694 

22 4925 

38 

39 

3 16703 

31575 

72 2342 

22 8082 

39 

40 

3 26204 

30666 

76 4013 

23 1148 

40 

41 

3 36990 

29763 

78 6633 

23 4124 

41 

42 

3 46070 

28S96 

82 0232 

23 7014 

42 

43 

3 66452 

28064 

85 4839 

23 9819 

43 

44 

3 67146 

27237 

89 0484 

24 2643 

44 

45 

3 78160 

26444 

92 7199 

24 5187 

45 

46 

3 89604 

26674 

96 6015 

24 7764 

46 

47 

4 01190 

24926 

100 3965 

26 0247 

47 

48 

4 13225 

24200 

104 4084 

26 2667 

48 

49 

4 25622 

23496 

108 5406 

25 5017 

49 

50 

4 38391 

22811 

112 7909 

25 7298 

50 
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3A per cent 


n 

{1 + tf 


ST{ 


n 

1 

1 03500 

96618 

1 

1 GOOD 

9662 

1 

2 

1 07123 

93351 

2 0350 

1*8997 

2 

3 

1 10872 

90194 

3 1062 

2 8016 

3 

4 

1 14752 

87144 

4 2149 

3 6731 

4 

5 

1>18769 

84197 

5 3625 

4 5151 

5 

6 

1 22626 

81350 

6 5502 

5 3286 

6 

7 

1 27228 

78599 

7 7794 

6 1145 

7 

8 

1 31681 

75941 

9 0517 

6 8740 

8 

9 

1 36290 

73373 

10 3685 

7 6077 

9 

10 

1 41060 

1 

70892 

11 7314 

8 3166 

10 

11 

1 45997 

68495 

13 1420 

9 0016 

11 

12 

1 51107 

66178 

14 6020 

9 6633 

12 

13 

1*56396 

63940 

16 1130 

10 3027 

13 

14 

1 61869 

61778 

17 6770 

10 9205 

14 

15 

1 67535 

69689 

19 2957 

11 5174 

15 

16 

1 73399 

57671 

20 9710 

12 0941 

16 

17 

1 79468 

55720 

22 7050 

12 6513 

17 

18 

1 85749 

53836 

24 4997 

13 1897 

18 

16 

1*92250 

52016 

26 3572 

IS 7098 

19 

20 

1 98979 

50257 

28 2797 

14 2124 

20 

21 

2 05943 

48557 

30 2695 

14 6980 

21 

22 

2 13151 

46915 

32 3289 

16 1671 

22 

23 

2 20611 

45329 

34 4604 

15 6204 

23 

24 

2 28333 

43796 

36 6665 

16 0384 

24 

25 

2 36324 

42315 

38 9499 

16 4816 

25 

26 

2 44596 

40884 

41 3131 

16 8904 

26 

27 

2 53157 1 

39501 

43 7591 

17 2854 

27 

28 

2 62017 

38165 

46 2906 

17 6670 

28 

29 

2 71188 

36875 

48 9108 

18 0358 

29 

30 

2 80679 

35628 

51 6227 

18 3920 

30 

31 

2 90503 

34423 

54 4295 

18 7363 

31 

32 

3 00671 

33259 

67 3345 

19 0689 

32 

33 

3 11194 

32134 

60 3412 

19 3902 

33 

34 

3 22086 

31048 

63 4532 

19 7007 

34 

35 

3 33359 

29998 

66 6740 

20 0007 

35 

36 

3 45027 

28983 

70 0076 

20 2905 

36 

37 

3 57103 

28003 

73 4579 

20 6705 

37 

3S 

3 69601 

27056 

77 0289 

20 8411 

38 

39 

3 82537 

26141 

80 7249 

21 1025 

39 

40 

3 95926 

25257 

84 5503 

21 3551 

40 

41 

4 09783 

24403 

88 5095 

21 5991 

41 

42 

4 24126 

23578 

92 6074 

21 8349 

42 

43 

4 38970 

22781 

96 8486 

22 0627 

43 

44 

4 54334 

22010 

101 2383 

22 2828 

44 

45 

4 70236 

21266 

103 7817 

22 4955 

45 

46 

4 86694 

20547 

110 4840 

22 7009 

46 

47 

5 03728 

19852 

115 3510 

22 8994 

47 

48 

5 21359 

19181 

120 3883 

23 0912 

48 

46 

5 39606 

18532 

125-6018 

23 2766 

49 

50 

5 58493 

17905 

130 9979 

23 4556 

50 








120 


COMPOXJlSrD EffTEEBST 


4 per cent 


n 

(1 + 


STI 

Oil 

n 

1 

1 04000 

96154 

1 0000 

9616 

1 

2 

1 08160 

92466 

2 0400 

1 8861 

2 

3 

1 12486 

88900 

3 1216 

2 7761 

3 

4 

1 16986 

85480 

4 2465 

3 6299 

4 

5 

1 21665 

82193 

5 4163 

4 4518 

5 

6 

1 26532 

79031 

6 6330 

5 2421 

6 

7 

1 31693 

76992 

7 8983 

6 0021 

7 

8 

1 36857 

73069 

9 2142 

6 7327 

8 

9 

1 42331 

70269 

10 5828 

7 4353 

9 

10 

1 48024 

67666 

12 0061 

81109 

10 

n 

1 53945 

64958 

13 4864 

8 7605 

11 

12 

1 60103 

62460 

15 0258 

9 3851 

12 

13 

1 66607 

60057 

16 6268 

9 9856 

13 

14 

1 73168 

67748 

18 2919 

10 5631 

14 

16 

1 80094 

56526 

20 0236 

11 1184 

15 

16 

1 87298 

63391 

21 8245 

11 6523 

16 

17 

1 94790 

51337 

23 6975 

12 1657 

17 

18 

2 02582 

49363 

25 6454 

12-6593 

18 

19 

2 10685 

47464 

27 6712 

13 1339 

19 

20 

2 19112 

45639 

29 7781 

13 5903 

20 

21 

2 27877 

43883 

31 9692 

14 0292 

21 

22 

2 36992 

42196 

34 2480 

14 4511 

22 

23 

2 46472 

40673 

36 6179 

14 8568 

23 

24 

2 56330 

39012 

39 0820 

15 2470 

24 

26 

2 66584 

37512 

41 6459 


25 

26 

2 77247 

36069 

44 3117 


26 

27 

2 88337 

34682 

47 0842 

16 3296 

27 

28 

2 99870 

33348 

49 9670 


28 

29 

3 11865 

32065 

52 9663 

16 9837 

29 

30 

3 24340 

30832 

56 0849 


30 

31 

3 37313 

29646 

59 3283 

17 5885 

31 

32 

3 60806 

28506 

62 7016 

17 8736 

32 

33 

3 64838 

27409 

66 2095 

18 1476 

33 

34 

3 79432 

26355 

69 8579 

18 4112 

34 

35 

3 94609 

25342 

73 6522 

18 6646 

35 

36 

4 10393 

24367 

77 5983 

18 9083 

36 

37 

4 26809 

23430 

81 7022 

19 1426 

37 

38 

4 43881 

22529 

85 9703 

19 3679 

38 

39 

4 61637 

21662 

90 4091 

19 5845 

39 

40 

4 80102 

20829 

95 0255 

19 7928 

40 

41 

4 99306 

20028 

99 8265 

19 9931 

41 

42 

5 19278 

19267 

104 8196 

20 1850 

42 

43 

6 40050 

18617 

110 0124 

20 3708 

43 

44 

6 61652 

17806 

115 4129 

20 5488 

44 

45 

5 84118 

17120 

121 0294 

20 7200 

45 

46 

6 07482 

16461 

126 8706 

20 8847 

40 

47 

6 31782 

15828 

132 9454 

21 0429 

47 

48 

6 57053 

15219 

139 2632 

21 1951 

48 

49 

6 83335 

14634 

145 8337 

21 3415 

49 

60 

7*10668 

14071 

152 6671 

21 4822 

60 
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4| per cent 


n 

(1 -f »)” 


1 

1 04500 

95694 

2 

1 09203 

91573 

3 

1 14117 

87630 

4 

1 19252 

83856 

5 

1 24618 

80245 

6 

1 30226 

76790 

7 

1 36086 

•73483 

8 

1 42210 

70319 

9 

1-48610 

67290 

10 

1 55297 

64393 

11 

1 62285 

61620 

12 

1 69588 

•58966 

13 

1 77220 

66427 

14 

1 85194 

53997 

15 

1 93528 

51672 

16 

2 02237 

49447 

17 

2 11338 

47318 

18 

2 20848 

45280 

19 

2 30786 

43330 

20 

2 41171 

41464 

21 

2 62024 

39679 

22 

2 63365 

37970 

23 

2 75217 

36335 

24 

2 87601 

34770 

25 

3 00543 

33273 

26 

3 14068 

31840 

27 

3 28201 

30469 

28 

3 42970 

29157 

29 

3 68404 

27902 

30 

374532 

•26700 

31 

3 91386 

25550 

32 

4-08998 

24450 

33 

427403 

23397 

34 

4 46636 

22390 

35 

4 66735 

21425 

36 

4 87738 

20503 

37 

5 09686 

19620 

38 

5 32622 

18775 

39 

5 56590 

17967 

40 

5 81636 

17193 

41 

6 07810 

16453 

42 

6 35161 

•15744 

43 

6 63744 

•15066 

44 

6 93612 

•14417 

45 

7-24825 

•13796 

46 

7 67442 

13202 

47 

7 91527 

12634 

48 

8 27145 

12090 

49 

8 64367 

11569 

50 

9 03264 

11071 


Sin 


10000 
2 0450 
31370 
4 2782 
6 4707 
6 7169 

8 0192 

9 3800 
10 8021 
12 2682 

13 8412 
15 4640 

17 1599 

18 8321 
20 7841 
22 7193 
24 7417 
26 8551 
29 0636 
31 3714 

33 7831 
36 3034 
38 9370 
41 6892 
44 6652 
47 6706 
50 7113 
53 9933 
57 4230 
61 0071 

04-7624 
68 6662 
72 7562 
77 0303 
81 4966 
86 1640 
91 0413 
98 1382 
101 4644 
107 0303 

112 8467 
118 9248 
125 2764 
131 9138 
138 8500 
146 0982 
153 6726 
161 6870 
169 8594 
178 5030 




9569 

1 8727 

2 7490 

3 5875 

4 3900 
51579 

5 8927 

6 5959 

7 2688 

7 9127 

8 5289 
91186 

9 6829 

10 2228 I 

10 7395 

11 2340 

11 7072 

12 1600 

12 5933 , 

13 0079 I 

13 4047 ! 

13 7844 
14 1478 

14 4955 

14 8282 I 

15 1466 I 

15 4513 I 

157429 

16 0219 

16 2889 I 

16 5444 

16 7889 

17 0229 
17 2468 
17 4610 
17 6660 

17 8622 

18 0500 
18 2297 
18 4016 

18 5661 
18 7235 

18 8742 

19 0184 
19 1563 
19 2884 
19 4147 
19 5356 
19 6513 
19 7620 


n 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 
19 
SO 


21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 


0-(lb53) 
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COMPOmJD INTEREST 


5 per cent 


n 

m 

n 

t 

S71 


n 

1 

I 05000 

96238 

1 0000 

9624 

1 

2 

1 10260 

90703 

2 0600 

18694 

2 

3 

1 16763 

86384 

3 1626 

2 7232 

3 

4 

1 21661 

82270 

4 3101 

3 6460 

4 

5 

1 27628 

78363 

6 6266 

4 3296 

6 

6 

1 34010 

74622 

6 8019 

6 0767 

6 

7 

1 40710 

71068 

81420 

6 7864 

7 

8 

1 47746 

67684 

9 6491 

6 4632 

8 

9 

1 66133 

64461 

11 0266 

71078 

9 

10 

1 62889 

61391 

12 6779 

7 7217 

10 

11 

1 71034 

68468 

14 2068 

8 3064 

11 

12 

1 79686 

66684 

15 917] 

8 8633 

12 

13 

1 88666 

63032 

17 7130 

9 3936 

13 

14 

1 97993 

50607 

19 6086 

0 8986 

14 

16 

2 07893 

48102 

21 6786 

10 3797 

16 

16 

2 18287 

46811 

23 6675 

10 8378 

16 

17 

2 29202 

43630 

26 8404 

11 2741 

17 

18 

2 40662 

41562 

28 1324 

11 6806 

18 

10 

2 62696 

39573 

30 6300 

12 0863 

19 

20 

2 66330 

37680 

33 0660 

12 4622 

20 

21 

2 78596 

36894 

36 7193 

12 8212 

21 

22 

2 92626 

34185 

38 6052 

13 1630 

22 

23 

3 07162 

32567 

41 4305 

13 4886 

23 

24 

3 22610 

31007 

44 6020 

13 7986 

24 

26 

3 38635 

29530 

47 7271 

14 0939 

25 

26 

3 66667 

28124 

61 1136 

14 3762 

26 

27 

3 73346 

26785 

64 6691 

14 6430 

27 

28 

3 92013 

26509 

68 4026 

14 8981 

28 

29 

4 11614 

24295 

62 3227 

16 1411 

29 

30 

4 32194 

23138 

66 4388 

16 3726 

30 

31 

4 63804 

22036 

70 7608 

16 5928 

31 

32 

4 76404 

20987 

75 2988 

16 8027 

32 

33 

6 00319 

19987 

80 0638 

16 0025 

33 

34 

6 26336 

19035 

86 0670 

16 1920 

34 

95 

6 61602 

18129 

90 3203 

16 3742 

36 

36 

6 79182 

17266 

95 8363 

16 5469 

36 

37 

6 08141 

16444 

101 6281 

16 7113 

37 

38 

6 38548 

15661 

107 7096 

16 8679 

38 

39 

6 70475 

14916 

114 0960 

17 0170 

39 

40 

7 03999 

14205 

120 7998 

17 1601 

40 

41 

7 30199 

13628 

127 8398 

17 2944 

41 

42 

7 76169 

12884 

135 2318 

17 4232 

42 

43 

8 14967 

12270 

142 9933 

17 6469 

43 

44 

8 66716 

11686 

161 1430 

17 6628 

44 

46 

8 98601 

11130 

169 7002 

17 7741 

45 

46 

9 43426 

10600 

168 6852 

17 8801 

46 

47 

9 90507 

10096 

178 1104 

17 9810 

47 

48 

10 40127 

00614 

188 0254 

18 0772 

48 

49 

10 92133 

09166 

198 4267 

18 1687 

49 

60 

11 46740 

08720 

209 3480 

18 2559 

60 
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1 


Table of (1 + 



P 


2 

4 

12 

01 

1 00499 

1 00249 

1 00083 


1 00747 

1 00373 

1 00124 


1 00995 

1 00496 

1 00165 


1 01242 

1 00619 

1 00206 

03 

1 01489 

1 00742 

1 00247 

035 

1 01735 

1 00864 

1 00287 

04 

1 01980 

1 00985 

1 00327 

045 

1 02225 

1 01107 

1 00367 

05 

1 02470 

L01227 

1 00407 


Table of vp 


t 

P 

2 

4 

12 


99504 

99752 

99917 


99258 

99628 

99876 


99015 

99506 

99835 


98773 

99385 

99794 

03 

98533 

99264 

99754 

035 

98295 

99144 

99714 

04 

98058 

99024 

99674 

045 

97823 

98906 

99634 

05 

97590 

98788 

99594 


^ t I 

Table of i or — 


1 


2 

4 

12 

01 

1 00249 

1 00374 

1 00458 

015 

1 00374 

1 00561 

1 00686 

02 

1 00498 

1 00747 

1 00913 

025 

1 00621 

1 00933 

1 01141 

03 

1 00744 

1 01118 

1 01368 

035 

1 00867 

1 01303 

1 01594 

04 

1 00990 

1 01488 

1 01820 

045 

101113 

1 01672 

1 02046 

05 

1 01235 

1 01856 

1 02271 























ANSWERS TO EXERCISES 


EXERCISE Z 

(1) £1,013 3s I Id. 

(2) £209 Os Bd, 

(3) £21 7s 3d. 

(4) £173 18s 7d 

(6) m 18 b 4d 

(6) £258 16s 9d 

(7) (o) 4 060%, (6)6 319%, (c) 8 168% 

(8) (0) 4 909%, (6) 4 841% 

(9) £224 13s Od 

(10) £191 14s Id 

(11) £6 17s 4d 

£12 

( To s y i *- ( 1035)^0 = £66. £66 (1.05)‘» = £89 11s 9d 

EXERCISE n 

(1) £466 Os lOd. , £1,221 2s 2d 

(2) £816 14s 3d, £7,343 11s 3d 

(3) £761 Is 3d. , £1,639 3s Id 

(4) £358 17s Ild , £1,979 138 9d 
(6) £23 - 06 « £416 13a 4d. 

(6) £160 X o25]“£26 X o-f] = £2,193 5s Od approx. 

~ (3 071624 - 1) = 41 4305 


(8) £60 X jjoj] = £60 (ojg^ - oy^) = £164 
£326 £326 , 

10) ajp =(1 + >) X Hence (1 + .) = = 1 08 and. - 02. 


EXERCISE m 

(1) £26 176 X ~ X o^ = £346 10s 6d ; 

3{i) 

£25 176 X ~ X Sool — £767 la 9d 

3{i) 

(2) £12 4167 X ~ X aTnl X (I + t)^ = £99 9s 2d ; 

;(a) ^ ' 

£12 4167 X — X SmI X (1 + »)^ = £162 Os 3d 
J(s) 

(3) (o) £35 926 ^ ^ (“IF] “ “T]) = £^54 16s 9d. 
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(6) Previous result X (1 035)^ = £267 Os 9d 

(4) (a) £40 X X X (1 + 2)^ = ^819 16s 4cL ; 

(6) £20 X - X (1 + t)^ (ff 2+% = £809 18s 9d 

t 

(5) £22 75 X O40] @ 2% = £622 6s. 9d , 

£22 76 X «45] @ 2% = £1,374 2s lid. 

( 2 ) 

(6) £24 X a^ii] @ 2J% = £376 9s 4d , 


£24 X @ 2 i% = £616 17 s 7 d 

( 7 ) £10 X - £10 X = £60 13 s 9 d. 

( 7 i tiu X 015 ) 2 - 1 } ^ 2 X 03023 

Amount = (1 015)®* x Present value = £100 16s lid. 

( 8 ) £86 3833 X ~ @ 6 % = £86 19 s 4 d. 

Hi) 


EXERCISE IV 

( 2 ) 

(1) (a) £102 + £4 @ 5% = £97 9s Id. ; 

(6) £103 + £2 5 oje] @ 3% = £95 11s lOd ,• 

(c) £106 vs« + £2 5 @ 3% « £94 3s 6d. 

(2) £98 5s 6d , £99 2s lOd , £100 Is Od , £101 Os Od ; £102 Os Od 
£2 0fi7 

(3) @ 2%, or £2 25 - £ 02 (103 067) = 3s 9d. approx. 

(4) £102 + £4 5 ojq] @ 5% = £97 367 , 

£97 367 w® + £4 5 oy| @ 5% = £95 772 — origmal purchase pnce, 
VIZ £102 t;»5 + £4 5 aj5^ @ 5% 

104 + 2 75x«7^ 

(6) Let X = rate of interest per half-year, 

» X 107 = 2 75 — ^ @ 2% = 2 627 
*20l 

Whence x = 02455, and nommal rate of mterest convertible 
half-yearly = 4 91% per annum 

(7) Let R a= redemption pnce 

(2) 

i? 4 5 ajr| = 98 @ 5% 

J2 — 98 (1 06)'® - 4 5 X — X @ 5% = £105 4 approx. 

(8) (1 + 3836 X 06) (102 + 2 cjg^) @ 3% =* £83 la lOd. 
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COMPOUND INTEREST 


EXERCISE V 

(1) £28 17s 5d 

( 2 ) 


Year 

Principal out- 
stan^ng at 
beginning of year 

Interest in- 
cluded m pay- 
ment for year 

Principal included 
in payment 
for year 

1 

£ 8 d 

125 - - 

£ s d 

6 5 - 

£ a d 

22 12 5 

2 

102 7 7 

5 2 4 

23 15 1 

3 

78 12 6 

3 18 7 

24 18 10 

4 

53 13 8 


26 3 9 

5 

27 9 11 


27 9 11 


(3) £46 3s Od 


Half- 

yeex 

No 

Principal out- 
standing at 
begmnmg of 
half-year 

Interest in- 
cluded in pay- 
ment for 
half-year 

Prmcipal included 
m payment 
for half-year 


£ 8 d. 

£ ^ d 

£ 8 d 

1 

250 - - 

7 10 - 

38 13 - 

2 

211 7 - 

6 6 10 

39 16 2 

3 

171 10 10 

5 2 11 

41 - I 

4 

130 10 9 

3 18 4 

42 4 8 

5 

88 6 1 

2 13 - 

43 10 - 

6 

44 16 1 

1 6 11 

[ 44 16 1 


(4) £29 16s 8d 


Year 

Principal out- 
standing at 
begiiming of year 

Interest in- 
cluded m pay- 
ment for year 

Principal mduded 
in payment 
for year , 


£ a d 

£ 8 d 

£ s d 

1 

160 - - 

7 10 - 

22 6 8 

2 

127 13 4 

6 9 11 

23 6 9 

3 

104 6 7 

5 8 11 

24 7 9 

4 

79 18 10 

4 7 - 

25 9 8 

5 

54 9 2 

3 4 1 

26 12 7 

6 

27 16 7 

2 - 1 

27 16 7 


(5) £05 10s lOd 

(6) (a) £2 1 63 7d , {b) £183 12s 7d 

(7) £4 14s Od 


EXERCISE VI 

(1) £47 16s 3d 

(2) Annual £16 10s. lOd , Half-yearly £8 6s lOd , Quarterly £4 3s 9d 

(3) €55 7s 6d , £91 16s 3d 

(4) £85 5s 5d. 

1 5) £138 4s Od approx 
(6) £1 11s 2d 
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EXERCISE Vn 

(1) 5 478% per annvun convertible half-yearly 

(2) 3 120% per a nnum 

(3) 4 760% per a nn u m 

(4) 6 800% per annum 

(5) 5 380% per annum, convertible half-yearly 

(6) 4 869% per annum, convertible half-yearly 

(7) 5 212% per annum 


EXERCISE Vm 


(1) £365 176 3d. 

(2) £106 11s Id 

(3) £35 os 8d 
(•4) 4 641% 

(5) 4 183% 

(6) 4% per annum, almost exactly 

(7) 6 061% 


EXERCISE IX 


(1) 0900 , 25 518, 17 380, 174 445 

(2) 17529, 19 1987 

(3) (ff) 


n 

“nl 

«7n 

1 

9677 

1 0000 

2 

19043 

2 0333 

3 

2 8106 

31011 

4 

3 6877 

4 2045 

5 

4 5365 

5 3446 


1 .. 


(b) - (5 - oy]) calculated at 3^% 
- (figi -6) calculated at 3^% 


(4) 


n 

o" 

(1 + »)" 

1 

9766 


2 

9537 


3 

9313 


4 

9095 


5 

8882 



( 5 ) 


(1 4- t)U - (I 4- t)ii 
» ’ t ’ 

1 15 - (O3o] -«25l)[ •* J («3n - ^5? 
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OOMPOTTND 3QfTEREST 


ANSWERS TO MSCELLANEOUS EXERCISES 
fl) Multiply half-yearly premium by (ajjj] - 1), i e by 
{«45] X (1 -h r)®*- + 8j^ - 1 } calculated at 2% 


(2) Yearly payment £28 201 


Year 

Pnnoipal out- 
stan^g at 
begmmng of year 

Interest included 
m yearly 
pasrment 

Prmcipal m- 
cluded in 
yearly payment 


1 £ 

£ 

£ 

1 

100 000 

6 000 

23 201 

2 

76 799 

3 840 

1 24 361 

3 

, 52 438 

2 621 

25 680 

4 

26 868 

1 

! 1 343 

26*858 


(3) 0686 

(4) £77 06 or £77 Is 2d approx 

(6) 6 71% per annum, payable half-yearly (derived from approximate 
formula without usmg compound interest tables). 

(6) £71 10s Id 

(7) £3,040 

(8) £45 10s Id 

(9) £332 2s 3d 

(10) Annual payment £93 lOs 7d 


Year 

Principal out- 
standmg at 
begmnmg of year 

Interest mcluded 
m yearly 
payment 

Prmcipal m- 
eluded m 
yearly payment 


£ e d 

ted 

ted 

1 

250 - - 

1 15 - - 

78 10 7 

2 

171 9 5 

10 5 10 

83 4 9 

3 

88 4 8 

6 6 11 

88 4 8 


(11) Valuation formula £105 X v® + £2 6 X @ 2^%. 
Bftective yield £4 11s Od.% per annum 

(12) 3J% per annum, almost exactly 


FKWTED IN GREAT BRITAIH AT THE mHAM PRESS. BATH 

C4— (1853) 
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PITMAN’S BUSINESS HANDBOOKS 


BOOK-KEEPING AND ACCOUNTANCY 

ACCOUNTANCY, By WittUM Pickles, B Com (Vict ), F C A , A S A (Hoqs ) 
In demy 8vo, cloth gilt, 1352 pp 15s. Key 12s. 6(1. 

ADVANCED ACCOUNTS. Edited by Roger N Carter, M Com , F C A 
In demy 8 VO, cloth, 1106 pp 7s. 6d. Revised Edition 
KEY. By R A Goodman In demy 8vo, cloth, 924 pp 20s. Third 
Edition 

THE PRINCIPLES OP AUDITING. By F R M de Paula, 0 B E , F C A 
Seventh Edition In demy 8vo, cloth gilt, 280 pp 7s. 63. 

PRACTICAL AUDITING. By E E Spicer, F C A . and E C Pegler, F C A 
Sixth Edition Edited by Walter W Bigg, FCA, FSAA Size 
10 m by 6 m Cloth gilt, 618 pp 21s, net 

AUDIT PROGRAMMES. By E E Spicer and E C Pegler In demy 8vo, 
cloth gilt, 124 pp 4s. 6d. net Eighth Edition 

SHARE TRANSFER AUDITS. By R A Davies, A C I S In croivn Svo, 
cloth gilt, 96 pp 3s. 6d. net 

MULTIPLE SHOP ACCOUNTS. By R F Daly, A C A In demy Svo, cloth 
gilt, 192 pp 7s. 6d. net 

HOSIERY COST ACCOUNTS. By Stephen F Russell, A C W A In demy 
8vo, cloth gilt, 188 pp lOs. 6d. net 

STORES ACCOUNTS AND STORES CONTROL. By J H Burton In 
demy Svo, cloth gilt, 154 pp 6s. net. Second Edition 

CLUB ACCOUNTS. By C A Holliday, A S A A In demy 8vo, cloth, 80 pp 
2s. net 

RAILWAY ACCOUNTS. By C H Newton, FA A, Chef Aommtant, 
London and North Eastern Railway In demy Svo, cloth gilt, 256 pp 
78. 6d. net 

COST ACCOUNTS IN PRINCIPLE AND PRACTICE. By A Clifford 
Ridgway, FCA In demy Svo, cloth gilt, 120 pp 58. 

COST ACCOUNTS FOR THE METAL INDUSTRY. By H E Parkbs, 
M Com , A C W A In demy Svo, cloth gilt, 156 pp lOs, 6d. net 

FUNDAMENTALS OF PROCESS COST ACCOUNTING, THE. ByL A Wight, 
A C W A In demy Svo, cloth gilt, 112 pp 7s. 6d. net 

DOCUMENTS OP COMMERCE, By F A Willman. Cert A I B In demy 
Svo, cloth gilt, 288 pp 58. net 

COSTS FOR MANUFACTURERS, By C Smith In demy Svo, cloth gilt, 
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CiuFMAN i:izc4in by 6} m , leather, 124 pp fis.net Second Edition 

COMPREHENSIVE TiABLES OF COMPOUND INTEREST (NOT DECIMALS). 
On £1, £5, £2fi, £fiO, £7fi, and £100. Showing Accumulations Lear by 
Year tor I'lltj \cars at U.ntes ot Interest Irom 1 (progressing J) to 5 per cent. 
By John A\ ilueisi Size 7 m by 4 J in doth, 112 pp 2s. fid, net 
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FOREIGN LANGUAGE DICTIONARIES 

DICTIONARY OF COMMERCIAI CORRESPONDENCE IN SEVEN LAN- 
GUAGES: ENGLISH, FRENCH, GERMAN, SPANISH, ITALIAN, PORTU- 
GUESE: AND RUSSIAN. Third Edition In demy 8vo, cloth, 718 pp 
128. 6d. net 

ENGLISH-FRENCH AND FRENCH-ENGLISH DICTIONARY OF BUSINESS 
WORDS AND TERMS. Size 2 m by 6 in , cloth, rounded comers, 540 pp. 
5s. net 

FRENCH-ENGLISH AND ENGLISH-FRENCH COMMERCIAL DICTIONARY 
of the Words and Terms used m Commercial Correspondence. By F. W. 
Smith Second Edition. In crown 8vo, cloth, 576 pp 78. 6d. net. 

GEEMAN-ENGLISH AND ENGLISH-GERMAN COMMERCIAL DICTIONARY. 
By J Bithell, M a. Second Edition In crown 8vo, cloth gilt 992 pp. 
168. net 

A NEW GERMAN-ENGLISH DICTIONARY FOR GENERAL USE. By 
F C Hebert and L Hirsch In crown 8 vo, cloth gilt, 1769 pp 16s.net 

SPANISH-ENGLISH AND ENGLISH-SPANISH C0M3IERCIAL DICTIONARY 
of the Words and Terms used m Commercial Correspondence. By G R 
Macoonale Third Edition In crown 8vo, cloth gilt 833 pp 12s.6d.net 

ITALIAN-BNGLISH AND ENGLISH-PTALIAN COMMERCIAL DICTIONARY. 
By G R Macdonald, F I L In crown 8vo, cloth gilt, 1180 pp 30s. net. 

BARETTPS ITALIAN AND ENGLISH DICTIONARY. Compiled by Gug- 
LiELMo CoMELATi and J Davenport In two volumes, cloth gilt, Vol I, 
796 pp , Vol II, 752 pp. 26s. net (Repnnted ) 

PORTUGUESE-ENGLISH AND ENGLISH-PORTUGUESE C03DIERCIAL 
DICTIONARY. By F W Smith In crown 8vo, cloth gilt, 486 pp 
16s. net 

A NEW DICTIONARY OF THE PORTUGUESE AND ENGLISH LANGUAGES. 
Based on a manuscript of Julii^ Cornet By H Michaelis In two 
volumes, demy 8vo, cloth gilt Vol I, Portuguese-English, 736 pp , 
Vol II. Enghsh-Portuguese, 742 pp Each 21s. net Abridged Edition, 
783 pp 25s. net 

TECHNICAL DICTIONARY OF ENGINEERING AND INDUSTRIAL SCIENCE 
IN SEVEN LANGUAGES-ENGLISH, FRENCH, SPANISH, ITALUN, 
PORTUGUESE, RUSSIAN, AND GERMAN. Compiled by Ernest 
Slater, M I E E , M I Mech E , in collaboration with leading Authorities, 
complete with index to each language In five volumes Each in crown 
4to, buckram gilt, £8 8s. net complete 
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PITMAN’S 

“ART AND LIFE” 

SERIES 

General Editor 

WRIGHT WATTS MILLER, B.A. 

London (First Class Hons ), M Ed , Manchester 
Late Campbell Clarhe Scholar, University College, London, 

Lecturer of the Borough Road College, and to LC C Ltiei ary 
Institutes and the Workers' Educational Association 

A new senes of popular introductions to literature, the arts, and 
other subjects of general interest The volumes are specially 
mtended for evening students voluntarily attendmg the cultural, 
non-vocational classes held by the L C C Literary Institutes, the 
Workers’ Educational Association, and the University Extension 
Boards, and for ail general readers mterested m self-culture 

ECONOMICS; THE STUDY OF WEALTH 
By A L Gordon Mackay, M Litt , M A , M Econ 5 s net 

BOOKS: AN INTRODUCTION TO READING 
By Wright Watts Miller, B A , M Ed , Manchester 5s net 

ART; AN INTRODUCTION TO APPRECIATION 
By Raymond Coxon, A R C A , Lecturer at the Chelsea School of 
Art ss. net 

THE FILMS: THE WAY OF THE CINEMA 
By Andrew Buchanan 5s. net 

THE THEATRE 

By Malcolm Morley With a Foreword by George Arliss. 
5 s net 

READY SHORTLY 

MUSIC APPRECIATION 
By W. J Turner 

PSYCHOLOGY 
By Dr Emanuel Miller 

Each m large crown 8vo, cloth, about 200 pp 5s net. 


Sir IsA^c Pitman & Sons, Ltd , Parker St , Kingsway, W C 2 
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COMMON COMMODITIES 
AND INDUSTRIES SERIES 


In each of the handbooks in this senes a particular product or industry is 
treated by an expert vmter and practical man of business Beginning with 
the life history of the plant, or other natural product, he follows its develop- 
ment until it becomes a commercial commodity, and so on through the various 
phases of its sale m the market and its purchase by the consumer Industries 
are treated in a similar manner 


Each book in crown dvo, illustrated Ss. net. 


Asbestos 

Bookbinding Cratt and 
Industry, The 
Books Irom the BIS. to 
the Bookseller 
Boot and Shoe Industry 
Brashmaking 
Butler and Cheese 
Carpets 

Clocks and Watches 
Cloths and the Cloth Trade 
Clothing Trades Industry 
Coal 

Coal Tar 
Cofice 

Concrete and Beinlorced 
Concrete 
Copper 

Cordage and Cordage 
Hemp and Fibres 


Corn Trade, The British 

Cotton Spinning 

Engraving 

Explosives, Modem 

Fishing Industry, The 

Furniture 

Furs 

Gas and Gas Making 
Glass 

Gums and Bosins 

Ironloundmg 

Jute 

Emtted Fabrics 
imen 

Locks and Lcckmaking 

Match Industry 

Meat 

Oils 

Paper 

Photography 


Pottery 

Itico 

Rubber 

Salt 

Silk 

Soap 

Sponges 

Stones and Quarries 

Sugar 

Suiplinr 

Tea 

Textile Bleaching 
Timber 

Tin and the Tin industry 

Tobacco 

Weaving 

Wheat 

Wool 

Worsted Industry 


PITMAN'S SHORTHAND 

INVALUABLE FOR ALL BUSINESS AND PROFESSIONAL MBS 


The following Catalogues will be sent, post free, on appitcahan — 
Educational, Technical, Law, Shorthand, Foreign Languages 
Art and Crafts, and General 


London . Sib Isaac Pitman & Sons, Ltd , Parker St , Kingswa v, W C 2 
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